
Faculty Of Graduate Studies

Mathematics Program

DYNAMICS AND BIFURCATION OF

SECOND ORDER RATIONAL DIFFERENCE

EQUATION WITH QUADRATIC TERMS.

Prepared By :

Shahd Herzallah.

Supervised By:

Dr. Mohammad Saleh.

M.Sc.Thesis

Birzeit University

Palestine

2019



i

DYNAMICS AND BIFURCATION OF

SECOND ORDER RATIONAL DIFFERENCE

EQUATION WITH QUADRATIC TERMS.

Prepared By :

Shahd Herzallah.

Supervised By:

Dr. Mohammad Saleh.

Birzeit University

Palestine

2019

This thesis was submitted in partial fulfillment of the requirements

for the Master’s Degree in Mathematics from the Faculty of

Graduate Studies at Birzeit University, Palestine.



ii

DYNAMICS AND BIFURCATION OF

SECOND ORDER RATIONAL

DIFFERENCE EQUATION WITH

QUADRATIC TERMS.

By

Shahd Herzallah

This thesis was defended on................. And approved by:

Committee Members :

1. Dr. Mohammad Saleh ( Head of committee ) .................

2. Dr. Marwan Al-Oqeili ( Internal Examiner )...................

3. Dr. Ala Talahmeh ( Internal Examiner ) ...................



iii

Z @YëB



@

( é<Ë @ AêÔgP ú


×



@)

�
èQëA¢Ë@ hðQË@

�
HAÒÊ¾Ë@ð

	
¬Qk



B@ ú




	
æ
�
JÒÊ« 	áÓ úÍ@




(ú


ÍA

	
ªË @ ú



G
.



@)

�
èAJ
m

Ì'@ è
	
Yë ú




	
¯ ø



Y

	
J� úÍ@




(ú



�
G @ñ

	
k



@ð ú




�
Gñ

	
k



@ð ú



G
.



@

�
ék. ð 	P) ú




�
GAJ
k Pñ

	
K Ñë 	áÓ úÍ@




(
�
è 	QK


	QªË@ ú



�
æÔ«)

	
à

�
@Q

�
®Ë @ i. î

	
E úÎ« Q�
�Ë@ úÍ@



ú



	
æ
�
KY

�
�P



@ 	áÓ úÍ@




(ú



�
æJ.k



@ð ú



Îë



@)

�
AÔ«X ú



Í @ñ

	
KA¿ 	áÓ úÍ@




(ú



�
GA

�
®K
Y�) 	áî

	
EðYK.

�
èAJ
jÊË

�
éêº

	
K B 	áÓ úÍ@




ú


Íñ�ð ú




	
¯ PðX éË

	
àA¿ 	áÓ É¿ð ,

�
éJ
ÒÊªË@ ú




�
GQ�
�Ó ú




	
¯ ù



ªÓ @ñ

	
KA¿ 	áÓ É¿ úÍ@




ÐñJ
Ë @ @
	
YêË

(lÌ'A� YÒm× Pñ
�
J»YË@) Q»

	
YËAK. �

	
k



@ð

ZC« Pñ
�
J»YË@ð ú



ÎJ


�
®ªË@

	
à@ðQÓ Pñ

�
J»YË@)

�
�A

�
®

	
JË @

�
é
	
Jm.
Ì úÍ@




�
Èñ�ñÓ Qº

�
�Ë@ð

(
�
éÔgC

�
K

(ÕÎ�ð éJ
Ê« é<Ë @ úÎ� YÒm× A
	
KYJ
�) Èð



B@ ÕÎªÖÏ @ úÍ@




(
	á�
¢�Ê

	
¯) ú




	
æ£ð úÍ@




úÍAª
�
K é<Ë @ ék. ñË

�
A�ËA

	
g éÊ¿



iv

Abstract

This thesis aims mainly to study some results concerning dynamics and bifurcation

of two special cases of second order rational difference equations with quadratic

terms. And introduce some Matlab codes that use thesis results.

We consider the second order, quadratic rational difference equations

xn+1 =
α + βxn−1

A+Bx2
n + Cxn−1

, n = 0, 1, 2, ...

and

xn+1 =
α + βx2

n−1

A+Bxn + Cx2
n−1

, n = 0, 1, 2, ...

with positive parameters α, β, A, B, C, and non-negative initial conditions.

We investigate local stability, invariant intervals, boundedness of the solutions,

periodic solutions of prime period two and global stability of the positive fixed points.

And we study the types of bifurcation exist where the change of stability occurs.

Then, we give some Matlab codes that use thesis results and numerical discussions

with figures to support our results.
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0. INTRODUCTION

A dynamical system is a system whose behavior at a given time depends on its

behavior at one or more previous time. One of the main objectives in the theory of

dynamical systems is the study of the behavior of orbits near fixed points.

Dynamical systems are a fundamental part of bifurcation theory which studies

the changes in the qualitative or topological structure of systems. The term bifur-

cation refers to the phenomenon of a system exhibiting new dynamical behavior as

the parameter is varied.

Our Equations ((0.1.2), (0.1.3)) are special cases of equation

xn+1 =
α + βxn−1 + γxn + ηx2

n−1 + ζxnxn−1 + `x2
n

A+Dxn−1 +Bxn + Cx2
n−1 + Exnxn−1 + Fx2

n

, n = 0, 1, 2, ... (0.1.1)

Some special cases of (0.1.1) have been considered in many papers. In [2] and

[3] global stability character, the periodic nature, and the boundedness of solutions

of special cases of equation

xn+1 =
α + βxnxn−1 + γxn−1

A+Bxnxn−1 + Cxn−1

, n = 0, 1, 2,

have been studied, with non-negative parameters and with arbitrary non-negative

initial conditions such that the denominator is always positive.

A. M. Amleh, E. Camouzis and G. Ladas [1] considered equations 24 and 25 in

[3], they confirmed some conjectures and solved some open problems stated.
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In [7] M. GariT-Demirović et al. investigated global behavior of the equation

xn+1 =
x2
n−1

ax2
n + bxnxn−1 + Cx2

n−1

, n = 0, 1, 2,

where the parameters a, b, and c are positive numbers and the initial conditions

x−1 and x0 are arbitrary non-negative numbers such that x−1 + x0 > 0.

Global asymptotic stability and Neimark-Sacker bifurcation of the difference

equation

xn+1 =
F

bxnxn−1 + Cx2
n−1 + f

, n = 0, 1, 2,

have been investigated by M. R. S. Kulenović et al. [8], with non-negative parameters

and non-negative initial conditions such that the denominator is always positive.

Y. Kostrov and Z. Kudlak in [14] studied the boundedness character, local and

global stability of solutions of the following second-order rational difference equation

with quadratic denominator,

xn+1 =
α + γxn−1

B +Dxnxn−1 + xn−1

, n = 0, 1, 2,

where the coefficients are positive numbers, and the initial conditions are non-

negative numbers such that the denominator is nonzero.

S. Moranjkić, and Z. Nurkanović [13] investigated local and global dynamics of

difference equation

xn+1 =
Bxnxn−1 + Cx2

n−1 + F

bxnxn−1 + cx2
n−1 + f

, n = 0, 1, 2,

with positive parameters and nonnegative initial conditions.

In [6] the dynamics and behavior of the solution rational difference equation of

the form

xn+1 =
α + βxn−1

A+Bxn + Cxn−1

, n = 0, 1, 2, ...

was studied with positive parameters α, β, A, B, C, and non-negative initial con-

ditions. They focus on the dynamic behavior of the positive fixed point and the
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type of bifurcation exist where the change of stability occurs.

A. Shareef [4] studied Neimark-Sacker bifurcation of higher order rational dif-

ference equations.

This thesis consists of four main chapters. In chapter 1, we explain the definition

of dynamical systems. Then, we focus on fixed points and their stability of first order

and second order discrete dynamical systems. Chapter 2 studies types of bifurcation

and their sufficient conditions in simplest forms in discrete dynamical systems of one

and two dimensions. Chapter 3 studies the dynamics and behavior of the solutions

of the second order, quadratic rational difference equation

xn+1 =
α + βxn−1

A+Bx2
n + Cxn−1

, n = 0, 1, 2, ... (0.1.2)

with positive parameters α, β, A, B, C, and non-negative initial conditions.

We focus on local stability, invariant intervals, boundedness of solutions, periodic

solutions of prime period two and global stability of positive fixed points. We study

also the types of bifurcation exist where the change of stability occurs. Then, we

give some Matlab codes that use thesis results and numerical discussions with figures

to support our results.

Chapter 4 studies the dynamics and behavior of the solutions of the second

order, quadratic rational difference equation

xn+1 =
α + βx2

n−1

A+Bxn + Cx2
n−1

, n = 0, 1, 2, ... (0.1.3)

with positive parameters α, β, A, B, C, and non-negative initial conditions.

We focus on local stability, invariant intervals, boundedness of solutions, periodic

solutions of prime period two and global stability of positive fixed points. We study

also the types of bifurcation exist where the change of stability occurs. Then, we

give some Matlab codes that use thesis results and numerical discussions with figures

to support our results.



1. BASIC DEFINITIONS AND RESULTS

Dynamical systems include state (phase) space and a law of evolution of the state

in time. The state space contains points that characterize all possible states of the

system. Each point in state space must be sufficient not only to describe the current

“position” of the system but also to determine its evolution.

Evolution law is defined as a map f t for given t ∈ T , and f t is defined on the

phase space X as

f t : X → X

f t is often called the evolution operator of the dynamical system. f t transforms an

initial state x0 ∈ X into some state xt ∈ X at time t as follows

f tx0 = xt

or we denote f tx0 by x(t).

Definition 1. [5] A dynamical system is a triple {T,X, f t}, where T is a time set,

X is a phase space, and f t : X → X is a family of evolution operators parametrized

by t ∈ T .

In this thesis we consider dynamical systems with discrete (integer) time, whose

law of evolution is difference equation.
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1.1 Dynamics of first-order difference equations

Consider the first order difference equation of the form

x(n+ 1) = f(x(n)), n = 0, 1, 2, ... (1.1.1)

where f : X → X is a continuous map, and x(0) is an initial condition. Note that

x(1) = f(x(0))

x(2) = f(x(1)) = f(f(x(0)))

.

.

.

x(n+ 1) = f(x(n)) = fn(x(0)).

We can also denote x(n) by xn.

Definition 2. [9] A point x̄ ∈ X is an equilibrium (fixed) point of Equation (1.1.1)

if f(x̄) = x̄.

In other words, x̄ is a constant solution of (1.1.1), since if x(0) = x̄ is an initial

point, then x(1) = f(x̄) = x̄, and x(2) = f(x(1)) = f(x̄) = x̄, and so on.

Graphically, if we draw the graph of f , and then we draw the diagonal line

y = x, the x-coordinate of intersection points are the equilibrium points of f .

Example 1.1. Consider the function

f(x) = x3.

To find fixed points of f we solve f(x) = x. Hence the fixed points are −1, 0, 1.

Figure (1.1) illustrate how to find these fixed points.
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Fig. 1.1: Fixed points of f(x) = x3.

Definition 3. [5] An orbit starting at x0 is an ordered subset of the state space X,

Or(x0) = {x ∈ X : x = f t(x0), for all t ∈ T such that f t(x0) is defined}.

It is possible in difference equations that a solution may not be an equilibrium

point but may reach one after finitely many iterations. This leads to the following

definition.

Definition 4. [9] Consider Equation (1.1.1), let x∗ ∈ X. If there exists a positive

integer k and an equilibrium point x̄ of (1.1.1) such that fk(x∗) = x̄, and fk−1(x∗) 6=
x̄, then x∗ is an eventually fixed (equilibrium) point.

Example 1.2. Let T be the tent map defined by

T (x) =

2x 0 ≤ x ≤ 1
2

2(1− x) 1
2
< x ≤ 1
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1
8

is an eventually fixed point. since T 4(1
8
) = 0, T 3(1

8
) = 1 6= 0, and x∗ = 0 is a fixed

point of T .

Definition 5. [9] Consider Equation (1.1.1), let b ∈ X. If for some positive integer

k, fk(b) = b, then b is a k-periodic point of, and the periodic orbit of b is called a

k-cycle.

1.2 Stability of one-dimensional maps

Analyzing the behavior of a dynamical system solutions near an equilibrium point is

one of the main objectives in the study of dynamical system, which constitutes the

stability theory. We introduce the definition of stability and some results concerning

it.

Definition 6. [11] Let x̄ be an equilibrium point of Equation (1.1.1).

1. The equilibrium point is called stable if for every ε > 0, there exists δ > 0 such

that if |x0 − x̄| < δ, then |xn − x̄| < ε for all n > 0.

2. The equilibrium point is called attracting, if there exists γ > 0 such that if

|x0 − x̄| < γ, then limn→∞ xn = x̄.

The equilibrium x̄ is called a global attractor if γ =∞.

3. The equilibrium point is called asymptotically stable if it is stable and attract-

ing. If γ =∞, x̄ is called globally asymptotically stable.

4. The equilibrium point is called unstable if it is not stable.

We have the following results concerning the asymptotic stability of equilibrium

points.

Theorem 1.1. [11] Consider Equation (1.1.1) where f is continuously differentiable

at the equilibrium point x̄. Then:
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1. If |f ′(x̄)| < 1, then x̄ is asymptoticly stable.

2. If |f ′(x̄)| > 1, then x̄ is unstable.

Note that the equilibrium point has two types:

1. Hyperbolic If |f ′(x̄)| 6= 1.

2. Non-hyperbolic if |f ′(x̄)| = 1.

Now we introduce some results for non-hyperbolic fixed points.

Theorem 1.2. [11] Suppose that for an equilibrium point x̄ of (1.1.1), f ′(x̄) = 1.

The following statements then hold:

1. If f ′′(x̄) 6= 0, then x̄ is unstable.

2. If f ′′(x̄) = 0 and f ′′′(x̄) > 0 , then x̄ is unstable.

3. If f ′′(x̄) = 0 and f ′′′(x̄) < 0 , then x̄ is asymptotically stable.

Definition 7. [11] The Schwarzian derivative of a function f denoted by Sf is

defined by

Sf =
f ′′′(x)

f ′(x)
− 3

2
[
f ′′(x)

f ′(x)
]2.

If f ′(x̄) = −1, then

Sf(x̄) = −f ′′′(x̄)− 3

2
[f ′′(x̄)]2.

Theorem 1.3. [11] Suppose that for an equilibrium point x̄ of (1.1.1), f ′(x̄) = −1.

The following statements then hold:

1. If Sf(x̄) < 0, then x̄ is asymptotically stable.

2. If Sf(x̄) > 0, then x̄ is unstable.
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Example 1.3. Consider the function

f(x) = 3x− x2, x ∈ [0, 3]

To find fixed points of f solve f(x) = x. Hence the fixed points are x̄1 = 0, x̄2 = 2.

Now we find f ′ to determine the stability of x̄1 and x̄2,

f ′(x) = 3− 2x.

For x̄1

f ′(0) = 3 > 1,

so using Theorem 1.1, x̄1 is unstable.

For x̄2

f ′(2) = −1

so we find Sf(2)

Sf(2) = −6 < 0

using Theorem 1.3, x̄2 is stable.

We can use a graphical method for analyzing the stability of equilibrium points

for (1.1.1) called Cobweb diagram. We draw a graph of f in the (x(n), x(n+1)) plane.

Then, given x(0) = x0, we pinpoint the value x(1) by drawing a vertical line through

x0 so that it also intersects the graph of f at (x0, x(1)). Next, draw a horizontal

line from (x0, x(1)) to meet the diagonal line y = x at the point (x(1), x(1)). A

vertical line drawn from the point (x(1), x(1)) will meet the graph of f at the point

(x(1), x(2)). Continuing this process, we can find x(n) for all n > 0.

Example 1.4. Consider the function in Example 1.2. Cobweb diagram (1.2) shows

that x̄2 is stable. Figure (1.3) shows the behavior of xn near x̄2.
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Fig. 1.2: The Cobweb diagram: x̄2 is asymptotically stable fixed point.

Fig. 1.3: The behavior of the solutions near the fixed point x=2

1.3 Dynamics of second order difference equations

Consider the second order difference equation,

x(n+ 1) = f(x(n), x(n− 1)), n = 0, 1, 2, ... (1.3.1)

Where f : I × I → I is a continuously differentiable function, and I is an interval

of real numbers. Then for every set of initial conditions x−1, x0 ∈ I the difference
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equation (1.3.1) has a unique solution {xn}∞n=−1.

Definition 8. [9] A point x̄ ∈ I is an equilibrium point of Equation (1.3.1) if

f(x̄, x̄) = x̄.

Definition 9. [9] Let x̄ be an equilibrium point of Equation (1.3.1). Then

1. x̄ is called locally stable if for every ε > 0, there exists δ > 0 such that if

|x−1 − x̄|+ |x0 − x̄| < δ, then |xn − x̄| < ε for all n > 0.

2. x̄ is called attracting, if there exists γ > 0 such that if |x−1− x̄|+ |x0− x̄| < γ,

then limn→∞ xn = x̄.

3. x̄ is called a global attractor if for every x−1, x0 ∈ I we have limn→∞ xn = x̄.

4. x̄ is called globally asymptotically stable if it is locally stable and a global at-

tractor.

5. x̄ is called unstable if it is not stable.

Definition 10. [9]

1. A solution {xn}∞n=−1 of Equation (1.3.1) is said to be periodic with period p if

xn+p = xn for all n ≥ −1.

2. A solution {xn}∞n=−1 of Equation (1.3.1) is said to be periodic with prime period

p, or p-cycle if it is periodic with period p and p is the least positive integer

for which xn+p = xn for all n ≥ −1.

Definition 11. [9] Consider the difference equation (1.3.1). Then the linearized

equation associated with this difference equation is

yn+1 = ayn + byn−1, n = 0, 1, 2, ...

Where a = ∂f
∂u

(x̄, x̄), and b = ∂f
∂v

(x̄, x̄) denote the partial derivatives of f(u, v) eval-

uated at the equilibrium x̄.
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And the characteristic equation of (1.3.1) is

λ2 − aλ− b = 0 (1.3.2)

Theorem 1.4. [11] (Linearized Stability)

Consider the characteristic Equation (1.3.2).

1. If both characteristic roots of (1.3.2) lie inside the unit disk in the complex

plane, then the equilibrium x̄ of (1.3.1) is locally asymptotically stable.

2. If at least one characteristic root of (1.3.2) is outside the unit disk in the

complex plane, the equilibrium point x̄ is unstable.

3. If one characteristic root of (1.3.2) is on the unit disk and the other charac-

teristic root is either inside or on the unit disk, then the equilibrium point x̄

may be stable, unstable, or asymptotically stable.

4. A necessary and sufficient condition for both roots of (1.3.2) to lie inside the

unit disk in the complex plane, is

|a| < 1− b < 2.

Let A = Jf(x̄) is the Jacobian matrix of f at x̄, where

Jf(x̄) =

(
∂f1

∂x1

∂f1

∂x2

∂f2

∂x1

∂f2

∂x2

)
|x̄

Let ρ(A) = maxi{|λi|, λiis an eigenvalue of A} be the spectral norm of A.

Theorem 1.5. [10] Consider the map f : H ⊂ R2 → R2 be a C1 map, where H is

an open subset of R2, x̄ is a fixed point of f , A = Jf(x̄), with spectral norm ρ(A).

Then the following statements hold:

1. If ρ(A) < 1, then x̄ is asymptotically stable.
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2. If ρ(A) > 1, then x̄ is unstable.

3. If ρ(A) = 1, then x̄ may or may not be stable.

Another important way to determine the stability of fixed points is given in the

following result.

Theorem 1.6. [10] Consider the map f : H ⊂ R2 → R2, and let A = Jf(x̄), with

spectral norm ρ(A). Then ρ(A) < 1, if and only if

|tr(A)| − 1 < det(A) < 1

where tr(A) is the trace of A, and det(A) is the determinant of A.

Note that the stability region in the trace-determinant plane is enclosed by the

lines det(A) = tr(A) − 1, det(A) = −tr(A) − 1, and det(A) = 1. These lines are

important in the study of the bifurcation of any second order dimensional system.

The following theorem will be used to investigate global stability of fixed points.

Theorem 1.7. [9] Let [a, b] be an interval of real numbers and assume that f :

[a, b]× [a, b]→ [a, b] is a continuous function satisfying the following properties:

1. f(x, y) is non-increasing in x ∈ [a, b] for each y ∈ [a, b], f(x, y) is non-

decreasing in y ∈ [a, b] for each x ∈ [a, b].

2. The difference Equation (1.3.1) has no solutions of prime period two in [a, b].

Then (1.3.1) has a unique equilibrium x̄ ∈ [a, b] and every solution of (1.3.1)

converges to x̄.



2. BIFURCATION OF FIXED POINTS

The expression “bifurcation” is extremely general. We use it to describe the orbit

structure near non-hyperbolic fixed points.

Definition 12. Bifurcation is a change of the topological type of the system as its

parameters pass through a bifurcation (critical) value.

Bifurcation diagram display the location and stability of fixed point as a func-

tion of the parameter in a single plot. The locations of unstable fixed points are

shown dashed, while stable fixed points are represented by solid lines.

For one-dimensional systems, there are several types of bifurcations which are

saddle-node, transcritical, pitchfork and period-doubling bifurcation.

2.1 Bifurcation of one-parameter family of one-dimensional maps

Consider a one-parameter map

x→ f(x, µ), x ∈ R, µ ∈ R

a fixed point (x̄, µ∗) is a bifurcation point if either only one branch or more than one

branch of fixed points passes through (x̄, µ∗) in the x− µ plane, then it lies entirely

on one side of the line µ = µ∗ in the x− µ plane.

In this section we present general conditions under which a one-parameter fam-

ily of one-dimensional map will undergo a saddle-node, pitchfork, transcritical and

period-doubling bifurcation.
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Note that if we have more than one parameter, we will fix all parameters except

one.

2.2 The Saddle-node bifurcation

Saddle-node bifurcation associated with the appearance of a slope 1. A unique curve

of fixed points passes through the non hyperbolic fixed point (x̄, µ∗). Moreover, the

curve lies entirely on one side of the µ = µ∗ in the x− µ plane.

Theorem 2.1 (The Saddle-node Bifurcation ). [10]

Suppose that f(x, µ) is a C2 one-parameter family of one-dimensional maps (i.e.,

both ∂2f
∂x2 and ∂2f

∂µ2 exist and are continuous), and x̄ is a fixed point of f(x, µ), with
∂f
∂x

(x̄, µ∗) = 1. Assume also that

A =
∂f

∂µ
(x̄, µ∗) 6= 0.

And

B =
∂2f

∂x2
(x̄, µ∗) 6= 0.

Then there exists an interval I around x̄ and a C2 map µ = p(x), where p : I → R
such that p(x̄) = µ∗, and f(x, p(x)) = x.

Moreover, if AB < 0, the fixed points exist for µ > µ∗, and, if AB > 0, the fixed

points exist for µ < µ∗.

To prove Theorem 2.1, we need the Implicit Function Theorem.

Theorem 2.2. Suppose that G : R×R→ R is a C1 map in both variables such that

for some (µ∗, x∗) ∈ R× R, G(µ∗, x∗) = 0 and ∂G
∂µ

(µ∗, x∗) 6= 0. Then, there exists an

open interval J around µ∗, and open interval I around x∗, and a C1 map µ = p(x),

where p : I → J such that

1. p(x∗) = µ∗.
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2. G(p(x), x) = 0, for all x ∈ I.

Proof of Theorem 2.1. Suppose that f(x, µ) is a C2 one-parameter family of one-

dimensional maps (i.e., both ∂2f
∂x2 and ∂2f

∂µ2 exist and are continuous), and x̄ is a fixed

point of f(x, µ), with ∂f
∂x

(x̄, µ∗) = 1. Assume also that A = ∂f
∂µ

(x̄, µ∗) 6= 0 and

B = ∂2f
∂x2 (x̄, µ∗) 6= 0.

Let

G(x, µ) = f(x, µ)− x.

Note that G is a C1 map and G(x̄, µ∗) = 0 and

∂G

∂µ
(x̄, µ∗) =

∂f

∂µ
(x̄, µ∗) = A 6= 0.

Applying the implicit function theorem, there exist an open interval J around x̄,

and open interval I around µ∗, and a C1 map µ = p(x), where p : J → I such that

p(x̄) = µ∗

and

G(x, p(x)) = 0, for all x ∈ J.

Thus

f(x, p(x)) = x, for all x ∈ J. (2.2.1)

Differentiating both sides of the last equation with respect to x, we obtain

∂f

∂x
(x̄, µ∗) +

∂f

∂µ
(x̄, µ∗)p′(x̄) = 1.

Since ∂f
∂x

(x̄, µ∗) = 1 and ∂f
∂µ

(x̄, µ∗) 6= 0, we have p′(x̄) = 0.

Differentiating (2.2.1) one more time with respect to x we get

∂2f

∂x2
(x̄, µ∗) +

∂2f

∂µ2
(x̄, µ∗)p′′(x̄) = 0.

This implies

p′′(x̄) = −
∂2f
∂x2 (x̄, µ∗)
∂2f
∂µ2 (x̄, µ∗)

= −B
A
.
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So the function p(x) = µ has critical point at x = x̄. If AB < 0, then p′′(x̄) > 0

and the curve p(x) is concave upward at x = x̄. Hence, the curve p(x) opens to the

right and if AB > 0, then p(x) is concave downward at x = x̄. Figures (2.1) and

(2.2) illustrate saddle-node bifurcation when AB < 0 and AB > 0.

Fig. 2.1: Saddle-node bifurcation when AB < 0.

Fig. 2.2: Saddle-node bifurcation when AB > 0.

�

Example 2.1. Consider the map

f(x, µ) = µ− x2, x ∈ R, µ ∈ R.
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To find the fixed points of f(x, µ) we solve the following equation

x2 + x− µ = 0,

so the fixed points are

x̄1,2 =
−1±

√
1 + 4µ

2
.

Note that the fixed points exist for µ ≥ −1
4
. And we have a non-hyperbolic fixed

point x̄ = −1
2

with ∂f
∂x

(x̄, µ∗) = 1 when µ∗ = −1
4
.

Observe that ∂f
∂µ

(x̄, µ∗) 6= 0, and ∂2f
∂x2 (x̄, µ∗) 6= 0. Using Theorem 2.1 the

saddle-node bifurcation is present at (−1
2
,−1

4
).

In order to draw the bifurcation diagram we check the stability of the system

near the bifurcation point (−1
2
,−1

4
).

Note that

f ′(x, µ) = −2x.

The upper branch x = −1−
√

1+4µ
2

is asymptotically stable if

|f ′(−1−
√

1 + 4µ

2
, µ)| < 1

which holds if −1
4
< µ < 3

4
. So the upper branch is asymptotically stable if −1

4
<

µ < 3
4
. See figure 2.3.

The lower branch is unstable since

f ′(−1 +
√

1 + 4µ

2
, µ) = 1 +

√
1 + 4µ > 1

for all values of µ.

2.3 Transcritical bifurcation

Consider a one-parameter map

x→ f(x, µ), x ∈ R, µ ∈ R
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Fig. 2.3: Saddle-node bifurcation.

with fixed point x̄. Transcritical bifurcation is another type of bifurcation of one-

dimensional maps. This type appears when we have two curves of fixed points that

intersect at the non-hyperbolic fixed point (x̄, µ∗) in the µ − x plane. Both curves

exist on either sides of the line µ = µ∗. However, the stability of the fixed point

along a given curve changes when passing through µ = µ∗.

Theorem 2.3. [12] Suppose that f(x, µ) is a Cr(r > 1) map where x ∈ R, µ ∈ R
and (x̄, µ∗) is a non-hyperbolic fixed point of f(x, µ) such that

∂f

∂x
(x̄, µ∗) = 1,

∂f

∂µ
(x̄, µ∗) = 0,

∂2f

∂x∂µ
(x̄, µ∗) 6= 0,

and
∂2f

∂x2
(x̄, µ∗) 6= 0,

Then f undergoes a transcritical bifurcation at (x̄, µ∗).

Proof: Let

G(x, µ) = f(x, µ)− x
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since
∂G

∂µ
(x̄, µ∗) =

∂f

∂µ
(x̄, µ∗) = 0,

we can not apply the Implicit Function Theorem. So we use the following function:

B(x, µ) =

{
G(x,µ)
x−x̄ ifx 6= x̄
∂G
∂x

(x̄, µ) ifx = x̄

We have

B(x̄, µ∗) =
∂G

∂x
(x̄, µ∗) =

∂f

∂x
(x̄, µ∗)− 1 = 0

and
∂B

∂µ
(x̄, µ∗) =

∂

∂µ
(
∂G

∂x
(x̄, µ∗)) =

∂2f

∂µ∂x
(x̄, µ∗) 6= 0.

By Implicit Function Theorem there is a C1 map µ = p(x) defined on an interval I

around x̄ such that p(x̄) = µ∗ and

B(x, p(x)) = 0, ∀x ∈ I. (2.3.1)

Hence,
G(x, µ)

x− x̄
= 0

for x 6= x̄, so f(x, p(x)) = x. Differentiate (2.3.1) with respect to x we get

∂B

∂x
(x̄, µ∗) +

∂B

∂µ
(x̄, µ∗)p′(x̄) = 0

since
∂B

∂x
(x̄, µ∗) =

1

2

∂2G

∂x2
(x̄, µ∗) =

1

2

∂2f

∂x2
(x̄, µ∗) 6= 0

and
∂B

∂µ
(x̄, µ∗) =

∂2G

∂µ∂x
(x̄, µ∗) 6= 0,

we have p′(x̄) 6= 0. This means that p(x) does not coincide with x = x̄ and exists on

both sides of µ = µ∗. �

Example 2.2. Consider the map

f(x, µ) = µx+ x2, x ∈ R, µ ∈ R.
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To find the fixed points of f(x, µ) we solve the following equation

x2 + (µ− 1)x = 0,

so the fixed points are

x̄1 = 0, x̄2 = 1− µ

for µ 6= 0.

Since ∂f
∂x

(0, 1) = 1, (0, 1) is a non-hyperbolic fixed point of the map f .

To check the stability of the fixed points near the point (0, 1) we find when

|∂f
∂x

(0, µ)| < 1

and

|∂f
∂x

(1− µ, µ)| < 1.

The first inequality holds if −1 < µ < 1, and the second inequality holds if 1 < µ < 3.

So the branch x = 0 is asymptotically stable if −1 < µ < 1, and the branch µ−1

is asymptotically stable if 1 < µ < 3. The two branches intersect at the bifurcation

point (0, 1) where the branch x = 0 is stable and the other branch µ− 1 is unstable

before (0, 1). Beyond µ = 1 the branch x = 0 becomes unstable and the other branch

becomes stable. So change of stability occurs at µ = 1.

2.4 Pitchfork bifurcation

Consider the one-parameter map

x→ f(x, µ), x ∈ R, µ ∈ R

with fixed point x̄. Pitchfork bifurcation is a type of bifurcation in one-dimensional

systems which appears when we have two curves of fixed points intersect at the non-

hyperbolic fixed point (x̄, µ∗) in the µ−x plane. only one curve exists on both sides
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Fig. 2.4: Transcritical bifurcation.

of µ = µ∗; however, its stability changes when passing through µ = µ∗. The other

curve of fixed point lies entirely in one side of the line µ = µ∗ and has a stability

type that is the opposite of the other curve.

Theorem 2.4. [12] Suppose that f(x, µ) is a C2 one-parameter family of one-

dimensional map, where x ∈ R, µ ∈ R with a non-hyperbolic fixed point (x̄, µ∗)

such that

f(x̄, µ∗) = x̄ and
∂f

∂x
(x̄, µ∗) = 1.

Assume also that

A =
∂f

∂µ
(x̄, µ∗) = 0,

C =
∂2f

∂x2
(x̄, µ∗) = 0,

D =
∂2f

∂x∂µ
(x̄, µ∗) 6= 0,

and

E =
∂3f

∂x3
(x̄, µ∗) 6= 0,

Then pitchfork bifurcation is present at (x̄, µ∗).
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Proof: Let

G(x, µ) = f(x, µ)− x,

we have G(x̄, µ∗) = 0, and ∂f
∂x

(x̄, µ∗) = 0. So we can not apply the Implicit Function

Theorem.

Let

B(x, µ) =

{
G(x,µ)
x−x̄ ifx 6= x̄
∂G
∂x

(x̄, µ) ifx = x̄

We have

B(x̄, µ∗) =
∂G

∂x
(x̄, µ∗) =

∂f

∂x
(x̄, µ∗)− 1 = 0

and
∂B

∂µ
(x̄, µ∗) =

∂

∂µ
(
∂G

∂x
(x̄, µ∗)) =

∂2f

∂µ∂x
(x̄, µ∗) 6= 0.

By the Implicit Function Theorem there is a C1 map µ = p(x) defined on an interval

I around x̄ such that p(x̄) = µ∗ and

B(x, p(x)) = 0, ∀x ∈ I. (2.4.1)

Differentiate (2.4.1) with respect to x we get

∂B

∂x
(x̄, µ∗) +

∂B

∂µ
(x̄, µ∗)p′(x̄) = 0

since
∂B

∂x
(x̄, µ∗) =

1

2

∂2G

∂x2
(x̄, µ∗) =

1

2

∂2f

∂x2
(x̄, µ∗) = 0

and
∂B

∂µ
(x̄, µ∗) =

∂2G

∂µ∂x
(x̄, µ∗) 6= 0,

we have p′(x̄) = 0. So x̄ is a critical point of the map µ = p(x).

Differentiate (2.3.1) again with respect to x, and substitute (x̄, µ∗) and p′(x̄) = 0 we

get
∂2B

∂x2
(x̄, µ∗) +

∂B

∂µ
(x̄, µ∗)p′′(x̄) = 0.

Since
∂2B

∂x2
(x̄, µ∗) =

1

3

∂3G

∂x3
(x̄, µ∗) =

1

3

∂3f

∂x3
(x̄, µ∗) 6= 0
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and
∂B

∂µ
(x̄, µ∗) =

∂

∂µ

∂G

∂x
(x̄, µ∗) =

∂2f

∂µ∂x
(x̄, µ∗) 6= 0

p′′(x̄) =
E

D
6= 0.

The last formula implies that if ED < 0, then p′′(x̄) > 0 and the curve p(x) is

concave upward at x = x̄ and if ED > 0, then the curve p(x) is concave downward

at x = x̄. �

Example 2.3. Consider the map

f(x, µ) = µx− 2x3, x ∈ R, µ ∈ R.

To find the fixed points of f(x, µ), we solve the following equation

(µ− 1)x− 2x3 = 0,

so we have two curves of fixed points

x = 0, x2 =
µ− 1

2
.

Note that (0, 1) is non-hyperbolic fixed point of f such that

∂f

∂x
(0, 1) = 1,

∂f

∂µ
(0, 1) = 0,

∂2f

∂x2
(0, 1) = 0,

∂2f

∂x∂µ
(0, 1) = 1,

and
∂3f

∂x3
(0, 1) = −12,

So at (0, 1) pitchfork bifurcation is present. Now we study the behavior of the system

near the bifurcation point (0, 1).

|f ′(0, µ)| < 1 if −1 < µ < 1 and |f ′(±
√

µ−1
2
, µ)| < 1 if 1 < µ < 2. So we have one

branch of stable fixed points x = 0 for −1 < µ < 1. Beyond µ = 1 this fixed point

looses its stability and two stable branches x = ±
√

µ−1
2

appear. Beyond µ = 2 these

two branches looses their stability.
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Fig. 2.5: Pitchfork bifurcation.

2.5 Period-Doubling bifurcation

Consider the one-parameter map

x→ f(x, µ), x ∈ R, µ ∈ R

with non-hyperbolic fixed point x̄. period-doubling bifurcation is a type of bifurca-

tion in one-dimensional maps which have a non-hyperbolic fixed point (x̄, µ∗) with

slope −1 and the second iterate of the map undergoes pitchfork bifurcation at the

same non-hyperbolic fixed point.

Theorem 2.5 (Period-Doubling Bifurcation ). [10] Suppose that f(x, µ) is a Cr(r >

2) map where x ∈ R, µ ∈ R and x̄ is a fixed point of f(x, µ) such that

∂f

∂x
(x̄, µ∗) = −1, (2.5.1)

and
∂2f 2

∂µ∂x
(x̄, µ∗) 6= 0, (2.5.2)

Then there is an interval I around x̄ and a function p : I → R such that

f(x, p(x)) 6= x but f 2(x, p(x)) = x.
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Proof: Let f(x, µ) is a C2 map where x ∈ R, µ ∈ R that satisfies (2.5.1) and (2.5.2).

Let

G(x, µ) = f 2(x, µ)− x

where f 2(x, µ) = f(f(x, µ), µ). Note that

∂G

∂µ
(x̄, µ∗) =

∂f

∂x
(x̄, µ∗)

∂f

∂µ
(x̄, µ∗) +

∂f

∂µ
(x̄, µ∗) = 0

since (2.5.1) holds. So we can not use the Implicit Function Theorem.

Define the function

B(x, µ) =

{
G(x,µ)
x−x̄ ifx 6= x̄
∂G
∂x

(x̄, µ) ifx = x̄

We have

B(x̄, µ∗) =
∂G

∂x
(x̄, µ∗) = [

∂f

∂x
(x̄, µ∗)]2 − 1 = 0

and
∂B

∂µ
(x̄, µ∗) =

∂

∂µ
(
∂G

∂x
(x̄, µ))|µ∗ =

∂2f 2

∂µ∂x
(x̄, µ∗) 6= 0.

By Implicit Function Theorem there is a C1 map µ = p(x) defined on an interval I

around x̄ such that p(x̄) = µ∗ and

B(x, p(x)) = 0, ∀x ∈ I. (2.5.3)

And so
G(x, µ)

x− x̄
= 0

f 2(x, p(x)) = x,

so x is a two-period point of f(x, µ). �

Example 2.4. Consider the map

f(x, µ) = 2x3 + x− µx, x ∈ R, µ ∈ R.

To find the fixed points of f(x, µ) we solve the following equation

2x3 − µx = 0,
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so we have two curves of fixed points

x = 0, x2 =
µ

2
.

Since f(0, 2) = 0 and ∂f
∂x

(0, 2) = −1, (0, 2) is a non-hyperbolic fixed point of the

map f .

The curve x = 0 is stable if 0 < µ < 2 and the curve x2 = µ
2

does not exist if

µ < 0 and unstable for µ ≥ 0.

Thus for µ > 2, the map has three unstable curves of fixed points. Period-

doubling bifurcation may be present at (0, 2). The two-periodic points are the roots

of the function

g(x, µ) = f 2(x, µ)− x,

where

f 2(x, µ) = (µ− 1)2x− 2(µ3 − 3µ2 + 4µ− 2)x3 +O(x4).

Observe that

f 2(0, 2) = 0,

∂f 2

∂x
(0, 2) = 1,

∂f 2

∂µ
(0, 2) = 0,

∂2f 2

∂x2
(0, 2) = 0,

∂2f 2

∂x∂µ
(0, 2) 6= 0,

and
∂3f 2

∂x3
(0, 2) 6= 0,

Thus (0, 2) is a non-hyperbolic fixed point of the map f 2(x, µ) where this map un-

dergoes a pitchfork bifurcation. So period-doubling bifurcation is present at (0, 2).
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We can use the normal form of flip bifurcation theorem to check if the system

undergoes a period-doubling (flip ) bifurcation. We will study the normal form

theorem for flip bifurcation in the simplest form.

2.5.1 The normal form of the period-doubling (flip) bifurcation

Consider the following one-dimensional dynamical system depending on one param-

eter:

x 7→ −(1 + µ)x+ x3 ≡ f(x, µ).

The map f(x, µ) is invertible for small |µ| in a neighborhood of the origin.

f(x, µ) has the fixed point x0 = 0 for all µ with eigenvalue λ = −(1 +µ). The point

is linearly stable for small µ < 0 and is linearly unstable for µ > 0. And at µ = 0,

λ = fx(0, 0) = −1 so the point is not-hyperbolic. There are no other fixed points

near the origin for small |µ|.

Consider now the second iterate f 2(x, µ). If y = f(x, µ), then

f 2(x, µ) = f(y, µ) = −(1 + µ)y + y3

= −(1 + µ)(−(1 + µ)x+ x3) + (−(1 + µ)x+ x3)3

= (1 + µ)2x+ [(1 + µ)(2 + 2µ+ µ2)]x3 +O(x5).

So the map f 2(x, µ) has the trivial fixed point x0 = 0. It also has two nontrivial

fixed points for small µ > 0, which are

x1,2 = f 2(x1,2, µ),

where x1,2 = ±(
√
µ + O(µ)). These two points are stable and constitute a cycle of

period two for the original map f(x, µ) as follows

x1 = f(x2, µ), x2 = f(x1, µ).

As µ approaches zero, the period-two cycle shrinks and disappears. This is a flip

(period-doubling) bifurcation and in this case it is called supercritical. Note that
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the trivial fixed point is stable for µ < 0 and the period-two cycle {x1, x2} exists for

µ > 0.

The case

x 7→ −(1 + µ)x+ x3

can be treated in the same way and the flip bifurcation in this case is called sub-

critical. [5]

2.5.2 Generic flip bifurcation

Theorem 2.6. [5] Suppose that a one-dimensional map

x 7→ f(x, µ), x ∈ R, µ ∈ R

with smooth f , has at µ = 0 a trivial fixed point x0 = 0 and let λ = fx(0, 0) = −1.

Assume the following nondegeneracy conditions are satisfied:

1. 1
2
(fxx(0, 0))2 + 1

3
(fxxx(0, 0)) 6= 0.

2. fxµ(0, 0) 6= 0.

Then there are smooth invertible coordinate and parameter changes transforming the

system into

ξ 7→ −(1 + α)ξ + ξ3 +O(ξ4).

Proof: By the Implicit Function Theorem,the system has a unique fixed point x0(µ)

in some neighborhood of the origin for all sufficiently small |µ|, since fx(0, 0) 6= 1.

We can perform a coordinate shift, placing this fixed point at the origin. Therefore,

we can assume without loss of generality that x = 0 is the fixed point of the system

for |µ| sufficiently small. Thus, the map f can be written as follows:

f(x, µ) = fx(0, µ)x+
1

2
fxx(0, µ)x2 +

1

6
fxxx(0, µ)x3 +O(x4). (2.5.4)
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Where fx(0, µ) = −[1 + g(µ)] for some smooth function g. Since g(0) = 0 and

g′(0) = fxµ(0, 0) 6= 0,

the function g is locally invertible and can be used to introduce a new parameter:

α = g(µ).

Map (2.5.4) can be written as

x̃ = µ(α)x+ a(α)x2 + b(α)x3 +O(x4),

where µ(α) = −(1 + α), and the functions a(α) and b(α) are smooth and equal:

a(α) =
1

2
fxx(0, µ), b(α) =

1

6
fxxx(0, µ).

Define a smooth function σ = σ(α) and make a change of coordinate

x = y + σy2.

This transformation is invertible in some neighborhood of the origin, and its inverse

can be found by the method of unknown coefficients:

y = x− σx2 + 2σ2x3 +O(x4).

Using the previous transformation and its inverse, we get

ỹ = µy + (a+ σµ− σµ2)y2 + (b+ 2σa− 2σµ(σµ+ a) + 2σ2µ3)y3 +O(y4).

Setting

δ(α) =
a(α)

µ2(α)− µ(α)
.

Since µ2(0) − µ(0) = 2 6= 0, the quadratic term can be “killed” for all sufficiently

small |α|. And we get

ỹ = µy + (b+
2a2

µ2 − µ
)y3 +O(y4) = −(1 + α)y + c(α)y3 +O(y4),

where c(α) is a smooth function such that

c(0) = a2(0) + b(0) =
1

4
(fxx(0, 0))2 +

1

6
fxxx(0, 0).
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So c(0) 6= 0 since 1
4
(fxx(0, 0))2 + 1

6
fxxx(0, 0) 6= 0. Take

y =
ξ√
|c(α)|

.

The system takes the desired form:

ξ̃ = −(1 + α)ξ + sξ3 +O(ξ4).

Where s = sign c(0) = ±1.

�

Lemma 2.7. [5] The map

x 7→ −(1 + µ)x+ x3 +O(x4)

is locally topologically equivalent near the origin to the map

x 7→ −(1 + µ)x+ x3.

We arrive to the following general result:

Theorem 2.8 (Topological normal form for the flip bifurcation). [5]

Any generic, one-parameter system

x 7→ f(x, µ)

having at µ = 0 the fixed point x0 = 0 with λ = fx(0, 0) = −1, is locally topologically

equivalent near the origin to one of the following normal forms:

ξ 7→ −(1 + α)ξ + sξ3.

Consider the flip bifurcation case for any n-dimensional map

x̃ = Ax+G(x), x ∈ R (2.5.5)

where G(x) = O(‖x‖2) is a smooth function and its Taylor expansion is

G(x) =
1

2
B(x, x) +

1

6
C(x, x, x) +O(‖x4‖)
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where

Bi(x, y) =
n∑

k,j=1

∂2Yi(η)

∂ηk∂ηj
|η=0(xkyj)

and

Ci(x, y, z) =
n∑

l,k,j=1

∂3Yi(η)

∂ηl∂ηk∂ηj
|η=0(xlykzj).

And the Jacobian matrix A has the eigenvalue λ = −1 and the corresponding critical

eigenspace T c is one-dimensional and spanned by an eigenvector q̂ ∈ Rn such that

Aq̂ = λq̂. Let p̂ ∈ Rn be the adjoint eigenvector, that is, AT p̂ = λp̂, where AT is

the transposed matrix. Normalize p̂ with respect to q̂ such that 〈p̂, q̂〉 = 1. Let T su

denote an (n−1)-dimensional linear eigenspace of A corresponding to all eigenvalues

other than λ. Note that the matrix (A − λIn) has common invariant spaces with

the matrix A, so we conclude that y ∈ T su if and only if 〈p̂, y〉 = 0.

Any vector x ∈ Rn can be decomposed as

x = uq̂ + y

where uq̂ ∈ T c, y ∈ T su and

u = 〈p̂, x〉.

y = x− 〈p̂, x〉q̂.

In the coordinates (u, y), the map (2.5.5) can be written as

ũ = λu+ 〈p̂, G(uq̂ + y)〉,

ỹ = Ay +G(uq̂ + y)− 〈p̂, G(uq̂ + y)〉q̂.

Using Taylor expansions, the last two equations can be written as

ũ = λu+
1

2
δu2 + u〈b, y〉+

1

6
σu3 + ...

ỹ = Ay +
1

2
au2 + ...

(2.5.6)

where u = R, y ∈ Rn, δ, σ ∈ R, a, b ∈ Rn and 〈b, y〉 =
∑n

i=1 biyi is the standard

scalar product, and can be expressed as

〈b, y〉 = 〈b, B(q̂, y)〉.
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The center manifold of (2.5.6) has the representation

y = V (u) =
1

2
w2u

2 +O(u3),

where w2 ∈ T su ⊂ Rn, so that 〈p̂, w2〉 = 0. The vector w2 satisfies

(A− In)w2 + a = 0.

We have λ = 1 is not an eigenvalue of A, so the matrix (A− In) is invertible in Rn.

Thus, we have

w2 = −(A− In)−1a

and the restriction of (2.5.6) to the center manifold takes the form

ũ = −u+
1

2
δu2 +

1

6
(σ − 3〈q̂, (A− In)−1a〉)u3 +O(u4)

where δ = 〈p̂, B(q̂, q̂)〉, σ = 〈p̂, C(q̂, q̂, q̂)〉 and a = B(q̂, q̂)− 〈p̂, B(q̂, q̂)〉q̂.

Using the identity

(A− In)q̂ =
1

2
q̂,

the restricted map can be written as

ũ = −u+ a(0)u2 + b(0)u3 +O(u4) (2.5.7)

where

a(0) =
1

2
〈p̂, B(q̂, q̂)〉,

and

b(0) =
1

6
〈p̂, C(q̂, q̂, q̂)〉 − 1

4
(〈p̂, B(q̂, q̂)〉)2 − 1

2
〈p̂, B(q̂, (A− In)−1B(q̂, q̂))〉.

The map (2.5.7) can be transformed to the normal form

ξ̃ = −ξ + c(0)ξ3 +O(ξ4)

where

c(0) = a2(0)− b(0).



2. Bifurcation of fixed points 34

Thus,the critical normal form coefficient c(0), allows us to predict the direction of

bifurcation of the period-two cycle. c(0) is given by the following invariant formula:

c(0) =
1

6
〈p̂, C(q̂, q̂, q̂)〉 − 1

2
〈p̂, B(q̂, (A− In)−1B(q̂, q̂))〉.

If c(0) > 0, then a unique and stable period-two cycle bifurcates from the fixed point

at the bifurcation point. [5]

2.6 Bifurcation of two-dimensional maps

In two-dimensional maps case we have a new bifurcation, the Neimark-Sacker bifur-

cation. In addition to the previous types of bifurcation. This section will contain

details about Neimark-Sacker bifurcation.

For two-dimensional maps non-hyperbolic fixed points are those where the Ja-

cobian matrix has eigenvalue on the unit circle.

Let

f(x, µ), x ∈ R2, µ ∈ R

be a Cr one-parameter family of two-dimensional maps, where r > 6. with fixed

point (x̄, µ∗). If (x̄, µ∗) 6= (0, 0) we transform this fixed point to the origin. Let

A = Jf(0, 0) be the Jacobian matrix of f(x, µ) with ρ(A) = 1. Then we consider

the following three cases:

1. If A has one real value equal to 1, then we have one of the following types

of bifurcation (saddle-node bifurcation, pitchfork bifurcation, or transcritical

bifurcation ).

2. If A has one real value equal to−1, then we have a period-doubling bifurcation.

3. If A has a pair of complex conjugate eigenvalues of modulus 1, then we have

the Neimark-Sacker bifurcation.
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[10]

We saw in chapter 1 that the stability region in the trace-determinant plane

is enclosed the lines det(A) = tr(A) − 1, det(A) = −tr(A) − 1, and det(A) = 1,

where A is the Jacobian matrix at the fixed point. The following theorem shows the

importance of those lines in studying the bifurcation of two-dimensional maps.
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Theorem 2.9. [10] Consider the two-dimensional map

x 7→ f(x, µ), x ∈ R, µ ∈ R.

Let (x̄, µ∗) be a fixed point of f(x, µ) and A = Jf(x̄, µ∗). Then the following state-

ments hold:

1. If det(A) = tr(A)− 1, then the eigenvalues of A are λ1 = det(A) and λ2 = 1.

2. If det(A) = −tr(A) − 1, then the eigenvalues of A are λ1 = −det(A) and

λ2 = −1.

3. If |tr(A)|−1 < det(A) and det(A) = 1, then A has a pair of complex conjugate

eigenvalues λ1,2 = e±iθ where θ = cos−1( tr(A)
2

).

Proof: Consider the map f(x, µ) with Jacobian matrix A = Jf(x̄, µ∗).

We have

λ1,2 =
tr(A)±

√
(tr(A)2 − 4det(A)

2

1. Let det(A) = tr(A)− 1. Then

tr(A)2 − 4det(A) = (det(A)− 1)2 > 0.

So

λ1,2 =
det(A) + 1±

√
(det(A)− 1)2

2
=
det(A) + 1± (det(A)− 1)

2
.

This implies that

λ1 = det(A), λ2 = 1.

2. Let det(A) = −tr(A)− 1. Then

tr(A)2 − 4det(A) = (det(A)− 1)2 > 0.

So

λ1,2 =
−det(A)− 1±

√
(det(A)− 1)2

2
=
−det(A)− 1± (det(A)− 1)

2
.
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This implies that

λ1 = −det(A), λ2 = −1.

3. Let |tr(A)| − 1 < det(A) and det(A) = 1. Then

tr(A)2 − 4det(A) = tr(A)2 − 4 < (det(A) + 1)2 − 4 = 0.

This implies that A has a pair of complex conjugate eigenvalues

λ1,2 =
tr(A)±

√
4det(A)− (tr(A))2

2
.

Since det(A) = 1 we have

λ1,2 =
tr(A)±

√
4− (tr(A))2

2
.

Thus, λ1,2 = re±iθ where r = |λ1,2| = 1 and θ = tan−1

(√
det(A)−(

tr(A)
2

)2

tr(A)
2

)
=

cos−1
(
tr(A)

2

)
.

�

Corollary 2.9.1. [10] Let

x 7→ f(x, µ), x ∈ R2, µ ∈ R (2.6.1)

be a one-parameter family of two-dimensional maps, with fixed point (x̄, µ∗) and

A = Jf(x̄, µ∗). Then the following statements hold:

1. If det(A) = tr(A)− 1, then the system (2.6.1) undergoes a saddle-node bifur-

cation.

2. If det(A) = −tr(A) − 1, then the system (2.6.1) undergoes a period-doubling

bifurcation.

3. If |tr(A)| − 1 < det(A) and det(A) = 1, then the system (2.6.1) undergoes a

Neimark-Sacker bifurcation.
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2.7 The Neimark-Sacker bifurcation

The Neimark-Sacker bifurcation exists when we have a pair of complex conjugate

eigenvalues of modulus 1.

Any map undergoes a Neimark-Sacker bifurcation has a unique closed invariant

curve bifurcates from the fixed point as the bifurcation parameter passes through

zero. The closed invariant curve can be stable or unstable as the bifurcation is

supercritical or subcritical, respectively.

2.7.1 The normal form of the Neimark-Sacker bifurcation

Consider the following two-dimensional discrete-time system depending on one pa-

rameter:(
x1

x2

)
7→ (1+µ)

(
cos(θ) − sin(θ)

sin(θ) cos(θ)

)(
x1

x2

)
+(x1

2+x2
2)

(
cos(θ) − sin(θ)

sin(θ) cos(θ)

)(
a −b
b a

)(
x1

x2

)
(2.7.1)

where µ is the parameter, θ = θ(µ), a = a(µ), and b = b(µ) are smooth functions,

and 0 < θ(0) < π, a(0) 6= 0.

This system has the fixed point x1 = x2 = 0 for all µ with Jacobian matrix

A = (1 + µ)

(
cos(θ) − sin(θ)

sin(θ) cos(θ)

)

The matrix has eigenvalues λ1,2 = (1+µ)e±θ, which makes the map (2.7.1) invertible

near the origin for all small |µ|. We can see that the fixed point at the origin is

non-hyperbolic at µ = 0.

To analyze the corresponding bifurcation, introduce the complex variable

z = x1 + ix2, z̄ = x1 − ix2, |z|2 = x2
2 + x2

2,

and take d = a+ ib. The equation for z is

z 7→ eiθz(1 + µ+ d|z|2) = αz + cz|z|2
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where α = α(µ) = (1 + µ)eiθ(µ) and c = c(µ) = eiθ(µ)d(µ) are complex functions of

the parameter µ.

Using the representation z = ρeiϕ, we obtain for ρ = |z|

ρ 7→ ρ|1 + µ+ d(µ)ρ2|.

But

|1 + µ+ d(µ)ρ2| = (1 + µ)

√
1 +

2a(µ)

1 + µ
ρ2 +

|d(µ)|2
(1 + µ)2

ρ4 = 1 + µ+ a(µ)ρ2 +O(ρ3).

So we get the following polar form for (2.7.1)ρ 7→ ρ(1 + µ+ a(µ)ρ2) + ρ4Rµ(ρ),

ϕ 7→ ϕ+ θ(µ) + ρ2Qµ(ρ).

Where R and Q are smooth functions of (ρ, µ). Bifurcations of the systems’ phase

portrait as µ passes through zero can easily be analyzed using the latter form, since

the mapping for ρ is independent of ϕ.

The first equation

ϕ 7→ ϕ+ θ(µ) + ρ2Qµ(ρ)

defines a one-dimensional dynamical system that has the fixed point ρ = 0 for all

values of µ. The point is linearly stable if µ < 0; for µ > 0 the point becomes

linearly unstable. The stability of the fixed point at µ = 0 is determined by the sign

of the coefficient a(0). Suppose that a(0) < 0; then the origin is (nonlinearly) stable

at µ = 0. Moreover, the previous ρ-map has an additional stable fixed point

ρ0 =

√
− µ

a(µ)
+O(µ)

for µ > 0.

The ϕ-map describes a rotation by an angle depending on ρ and µ; it is approx-

imately equal to θ(µ). Thus, we obtain the bifurcation diagram for the original

two-dimensional system (2.7.1) by superposition of its polar form.

The system always has a fixed point at the origin. This point is stable for µ < 0

and unstable for µ > 0. The invariant curves of the system near the origin look like
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the orbits near the stable focus of a continuous-time system for µ < 0 and like orbits

near the unstable focus for µ > 0. At the critical parameter value µ = 0 the point

is nonlinearly stable. The fixed point is surrounded for µ > 0 by an isolated closed

invariant curve that is unique and stable. The curve is a circle of radius ρ0(µ). All

orbits starting outside or inside the closed invariant curve, except at the origin, tend

to the curve under iterations of (2.7.1). This is a Neimark-Sacker bifurcation.

This bifurcation can also be presented in (x1, x2, µ)-space. The appearing family of

closed invariant curves, parametrized by µ, forms a paraboloid surface. The case

a(0) > 0 can be analyzed in the same way. The system undergoes the Neimark-

Sacker bifurcation at µ = 0 but there is an unstable closed invariant curve that

disappears when µ crosses zero from negative to positive values.[5]

2.7.2 Generic Neimark-Sacker bifurcation

We shall now prove that any generic two-dimensional system undergoing a Neimark-

Sacker bifurcation can be transformed into the form (2.7.1). Consider a system

x 7→ f(x, µ), x = (x1, x2)T ∈ R2, µ ∈ R

with a smooth function f , which has at µ = 0 the fixed point x = 0 with simple

eigenvalues λ1,2 = e±iθ0 , 0 < θ0 < π. By the Implicit Function Theorem, the

system has a unique fixed point x0(µ) in some neighborhood of the origin for all

sufficiently small |µ|, since λ = 1 is not an eigenvalue of the Jacobian matrix. We

can perform a parameter-dependent coordinate shift, placing this fixed point at the

origin. Therefore, we may assume without loss of generality that x = 0 is the fixed

point of the system for |µ| sufficiently small. Thus, the system can be written as

x 7→ A(µ)x+ F (x, µ) (2.7.2)

where F is a smooth vector function whose components F1,2 have Taylor expansions

in x starting with at least quadratic terms, F (x, µ) = 0 for all sufficiently small |µ|.
The Jacobian matrix A(µ) has two multipliers

λ1,2 = r(µ)e±iϕ(µ)
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where r(0) = 1, ϕ(0) = θ0. Thus, r(µ) = 1 + β(µ) for some smooth function β(µ)

with β(0) = 0. Suppose that β′(0) 6= 0. Then, we can use β as a new parameter

and express the multipliers in terms of β: λ1(β) = λ(µ), λ2(β) = λ̄(µ), where

λ(β) = (1 + β)eiθ(β)

with a smooth function θ(β) such that θ(0) = θ0.

Lemma 2.10. [5] By the introduction of a complex variable and a new parameter,

system (2.7.2) can be transformed for all sufficiently small |µ| into the following

form:

z 7→ λ(β)z + g(z, z̄, β), (2.7.3)

where β ∈ R, z ∈ C, λ(β) = (1+β)eiθ(β), and g is a complex-valued smooth function

of z, z̄, and β whose Taylor expansion with respect to (z, z̄) contains quadratic and

higher-order terms:

g(z, z̄, β) =
∑
k+1≥2

1

k!l!
gklz

kz̄l,

with l, k = 0, 1, 2, ....

Lemma 2.11. [5] The map

z 7→ λz +
g20

2
z2 + g11zz̄ +

g02

2
z̄2 +O(|z|3) (2.7.4)

where λ = λ(β) = (1 + β)eiθ(β), gij = gij(β) can be transformed by an invertible

parameter-dependent change of complex coordinate

z = v +
h20

2
v2 + h11vv̄ +

h02

2
v̄2,

for all sufficiently small |β|, into a map without quadratic terms:

v 7→ λv +O(|v|3),

provided that

eiθ0 6= 1, e3iθ0 6= 1.
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Proof: The inverse change of variables is given by

v = z − h20

2
z2 − h11zz̄ −

h02

2
z̄2 +O(|z|3).

Therefore, in the new coordinate v, the map (2.7.4) takes the form

ṽ = λv+
1

2
(g20+(λ−λ2)h20)v2+(g11+(λ−|λ|2)h11)vv̄+

1

2
(g02+(λ−λ2)h02)v̄2+O(|v|3).

Thus, taking

h20 =
g20

λ− λ2
, h11 =

g11

|λ|2 − λ
, h11 =

g02

λ̄2 − λ
,

we “kill” all the quadratic terms in (2.7.4). These substitutions are valid if the

denominators are nonzero for all sufficiently small |β| including β = 0. Indeed, this

is the case, since

λ2(0)− λ(0) = eiθ0(eiθ0 − 1) 6= 0,

|λ(0)|2 − λ(0) = 1− eiθ0 6= 0,

λ̄2(0)− λ(0) = eiθ0(e−3iθ0 − 1) 6= 0,

due to our restrictions on θ0. �

Assuming that we have removed all quadratic terms, let us try to remove the

cubic terms.

Lemma 2.12. [5] The map

z 7→ λz +
g30

6
z3 +

g21

2
z2z̄ +

g12

2
zz̄2 +

g03

6
z̄3 +O(|z|4)

where λ = λ(β) = (1 + β)eiθ(β), gij = gij(β) can be transformed by an invertible

parameter-dependent change of coordinates

z = v +
h30

6
v3 +

h21

2
v2v̄ +

h12

2
vv̄2 +

h03

6
v̄3,

for all sufficiently small |β|, into a map without quadratic terms:

v 7→ λv + c1v
2v̄ +O(|v|4),

provided that

e2iθ0 6= 1, e4iθ0 6= 1.
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Proof: The inverse transformation is

v = z − h30

6
z3 − h21

2
z2z̄ − h12zz̄

2 − h03

6
z̄3 +O(|z|4).

Therefore

ṽ = λv +
1

6
(g30 + (λ− λ3)h30)v3 +

1

2
(g21 + (λ− λ|λ|2)h21)v2v̄+

1

2
(g12 + (λ− λ̄|λ|2)h12)vv̄2 +

1

6
(g03 + (λ− λ̄3)h03)v̄3 +O(|v|4).

Thus, taking

h30 =
g30

λ3 − λ
, h12 =

g12

λ̄|λ|2 − λ
, h03 =

g03

λ̄3 − λ
,

we can annihilate all cubic terms in the resulting map except the v2v̄-term, which

must be treated separately. The substitutions are valid since all the involved denom-

inators are nonzero for all sufficiently small |β| due to the assumptions concerning

θ0.

One can also try to eliminate the v2v̄-term by formally setting

h21 =
g21

λ(1− |λ|2)
.

This is possible for small β 6= 0, but the denominator vanishes at β = 0 for all

θ0. Thus, no extra conditions on θ0 would help. To obtain a transformation that is

smoothly dependent on β, set h21 = 0, that results in

c1 =
g21

2
.

�

Lemma 2.13 (Normal form for the Neimark-Sacker bifurcation). The map

z 7→ λz +
g20

2
z2 + g11zz̄ +

g02

2
z̄2 +

g30

6
z3 +

g21

2
z2z̄ +

g12

2
zz̄2 +

g03

6
z̄3 +O(|z|4)

where λ = λ(β) = (1 + β)eiθ(β), gij = gij(β), and θ0 = θ(0) is such that eikθ0 6= 1 for

k = 1, 2, 3, 4, can be transformed by an invertible parameter-dependent change of

complex coordinates, which is smoothly dependent on the parameter,
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z = v +
h20

2
v2 + h11vv̄ +

h02

2
v̄2 +

h30

6
v3 +

h12

2
vv̄2 +

h03

6
v̄3,

for all sufficiently small |β|, into a map with only the resonant cubic term:

v 7→ λv + c1v
2v̄ +O(|v|4),

where c1 = c1(β).

The truncated superposition of the transformations defined in the two previous

lemmas gives the required coordinate change. First, annihilate all the quadratic

terms. This will also change the coefficients of the cubic terms. The coefficient

of v2v̄ will be 1
2
g̃21, instead of 1

2
g21. Then, eliminate all the cubic terms except

the resonant one. The coefficient of this term remains 1
2
g21. Thus, all we need to

compute to get the coefficient of c1 in terms of the given equation is a new coefficient
1
2
g̃21 of the v2v̄-term after the quadratic transformation. The computations result

in the following expression for c1(β):

c1 =
g20g11(λ̄− 3− 2λ)

2(λ2 − λ)(λ̄− 1)
+
|g11|2

1− λ̄
+

|g02|2

2(λ2 − λ̄)
+
g21

2
,

which gives, for the critical value of c1,

c1(0) =
g20(0)g11(0)(λ̄0 − 3− 2λ0)

2(λ2
0 − λ0)(λ̄0 − 1)

+
|g11(0)|2

1− λ̄0

+
|g02(0)|2

2(λ2
0 − λ̄0)

+
g21(0)

2
, (2.7.5)

where λ0 = eiθ0 .

We now summarize the obtained results in the following theorem.

Theorem 2.14. [5] Suppose a two-dimensional discrete-time system

x 7→ f(x, µ), x ∈ R2, µ ∈ R

with smooth function f which has, for all sufficiently small |µ|, x = 0 as a fixed

point with eigenvalues

λ1,2(µ) = r(µ)e±iϕ(µ)

where r(0) = 1, ϕ(0) = θ0.

Let the following conditions be satisfied:
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1. r′(0) 6= 0;

2. eikθ0 6= 1 for k = 1, 2, 3, 4.

Then, there are smooth invertible coordinate and parameter changes transforming

the system into (
y1

y2

)
7→ (1 + β)

(
cos θ(β) − sin θ(β)

sin θ(β) cos θ(β)

)(
y1

y2

)
+

(y2
1 + y2

2)

(
cos θ(β) − sin θ(β)

sin θ(β) cos θ(β)

)(
a(β) −b(β)

b(β) a(β)

)(
y1

y2

)
+O(‖y‖4)

(2.7.6)

with θ(0) = θ0 and a(0) = Re(e−iθ0c1(0)), where c1(0) is given by the formula (2.7.5).

Proof: The only thing left to verify is the formula for a(0). Indeed, by Lemmas 2.10,

2.11, and 2.12, the system can be transformed to the complex Poincare′ normal

form,

v 7→ λ(β)v + c1(β)v|v|2 +O(|v|4),

for λ(β) = (1 + β)eiθ(β). This map can be written as

v 7→ eiθ(β)(1 + β + d(β)|v|2)v +O(|v|4),

where d(β) = a(β) + ib(β) for some real functions a(β), b(β). A return to real

coordinates (y1, y2), v = y1 + iy2, gives system (2.7.6). Finally,

a(β) = Re(e−iθ(β)c1(β).

Thus

a(0) = Re(e−iθ0c(0).

�
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Theorem 2.15 (Generic Neimark-Sacker bifurcation ). [5] For any generic two-

dimensional one-parameter system

x 7→ f(x, µ)

having at µ = 0 the fixed point x0 = 0 with complex eigenvalues λ1,2 = e±iθ0 there is

a neighborhood of x0 in which a unique closed invariant curve bifurcates from x0 as

µ passes through zero.

Consider the map

x̃ = Ax+G(x), x ∈ R (2.7.7)

where the Jacobian matrix A has a simple pair of complex eigenvalues of modulus

one, λ1,2 = e±iθ0 , 0 < θ0 < π and these are only eigenvalues with |λ| = 1 and

G(x) = O(‖x‖2) is a smooth function and its Taylor expansion is

G(x) =
1

2
B(x, x) +

1

6
C(x, x, x) +O(‖x4‖)

where

Bi(x, y) =
n∑

k,j=1

∂2Yi(η)

∂ηk∂ηj
|η=0(xkyj)

and

Ci(x, y, z) =
n∑

l,k,j=1

∂3Yi(η)

∂ηl∂ηk∂ηj
|η=0(xlykzj).

Let q̂ ∈ Cn be a complex eigenvector corresponding to λ1:

Aq̂ = eiθ0 q̂, A¯̂q = e−iθ0 ¯̂q.

Introduce also the adjoint eigenvector p̂ ∈ Cn having the properties

AT p̂ = e−iθ0 p̂, AT ¯̂p = eiθ0 ¯̂p,

and satisfying the normalization

〈p̂, q̂〉 = 1

where 〈p̂, q̂〉 =
∑n

i=1
¯̂piq̂i is the standard scalar product in Cn. The critical real

eigenspace T c corresponding to λ1,2 is two-dimensional and spanned by {Re(q̂), Im(q̂)}.
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The real space T s corresponding to real eigenvalues of A is (n − 2)-dimensional.

y ∈ T su if and only if 〈p̂, y〉 = 0. Note that y ∈ Rn is real, while p̂ ∈ Cn.

Any vector x ∈ Rn can be decomposed as

x = zq̂ + z̄ ¯̂q + y

where z ∈ C1, zq̂ + z̄ ¯̂q ∈ T c and y ∈ T s. The complex variable z is a coordinate on

T c. We have

z = 〈p̂, x〉

y = x− 〈p̂, x〉q̂ − 〈 ¯̂p, x〉¯̂q

In these coordinates, the map (2.7.7) takes the form

z̃ = eiθ0z + 〈p̂, G(zq̂ + z̄ ¯̂q + y)〉

ỹ = Ay +G(zq̂ + z̄ ¯̂q + y)− 〈p̂, G(zq̂ + z̄ ¯̂q + y)〉q̂ − 〈 ¯̂p,G(zq̂ + z̄ ¯̂q + y)〉¯̂q.

The previous system can be written as

z̃ = eiθ0z +
1

2
G20z

2 +G11zz̄ +
1

2
G02z̄

2 +
1

2
G21z

2z̄ + 〈G10, y〉z + 〈G10, y〉z̄

ỹ = Ay +
1

2
H20z

2 +H11zz̄ +
1

2
H02z̄

2 +
1

2
H21z

2z̄,

where G20, G11, G02, G21 ∈ C1 and G01, G10, Hij ∈ Cn and the scaler product is

in Cn.

The complex numbers and vectors can be computed by

G20 = 〈p̂, B(q̂, q̂)〉, G11 = 〈p̂, B(q̂, ¯̂q)〉, G02 = 〈p̂, B(¯̂q, ¯̂q)〉, G21 = 〈p̂, C(q̂, q̂, ¯̂q)〉

and

H20 = B(q̂, q̂)− 〈p̂, B(q̂, q̂)〉q̂ − 〈 ¯̂p,B(q̂, q̂)〉¯̂q,

H11 = B(q̂, ¯̂q)− 〈p̂, B(q̂, ¯̂q)〉q̂ − 〈 ¯̂p,B(q̂, ¯̂q)〉¯̂q,

and

〈G10, y〉 = 〈p̂, B(q̂, y)〉, 〈G01, y〉 = 〈p̂, B(¯̂q, y)〉.
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The center manifold in the previous system has the representation

Y = V (z, z̄) =
1

2
v20z

2 + v11zz̄ +
1

2
v02z̄

2

where 〈q̂, vij〉 = 0. The vectors vij ∈ Cn can be found from linear equations

(e2iθ0I − A)v20 = H20,

(I − A)v11 = H11,

(e−2iθ0I − A)v02 = H02.

These equations have unique solutions. The matrix (I − A) is invertible because 1

is not an eigenvalue of A. If

e3iθ0 6= 1

the matrices (e±2iθ0I−A) are also invertible in Cn because e±2iθ0 are not eigenvalues

of A. Thus, generically the restricted map can be written as

z̃ = eiθ0 z̄ +
1

2
G20z

2 +G11zz̄ +
1

2
G02z̄

2 +
1

2
[G21 + 2〈 ¯̂p,B(q̂, (I − A)−1H11)〉+

〈 ¯̂p,B(¯̂q, (e2iθ0I − A)−1H20)〉]z2z̄ + ...

taking into account the identities

(I − A)−1q̂ =
1

1− eiθ0
q̂, (e2iθ0I − A)−1q̂ =

e−iθ0

eiθ0 − 1
q̂, (I − A)−1 ¯̂q =

1

1− eiθ0
¯̂q,

and

(e2iθ0I − A)−1 ¯̂q =
e−iθ0

eiθ0 − 1
¯̂q.

Also z can be written using the map

z̃ = eiθ0z +
∑
k,l≥2

1

k!j!
gkjz

kz̄j, (2.7.8)

where g20 = 〈p̂, B(q̂, q̂)〉, g11 = 〈p̂, B(q̂, ¯̂q)〉, g02 = 〈p̂, B(¯̂q, ¯̂q)〉, and

g21 = 〈p̂, C(q̂, q̂, ¯̂q)〉+ 2〈p̂, B(q̂, (I − A)−1B(q̂, ¯̂q))〉+

〈p̂, B(¯̂q, (e2iθ0I − A)−1B(q̂, q̂))〉+
e−iθ0(1− 2eiθ0)

1− e−iθ0
〈p̂, B(q̂, q̂)〉〈p̂, B(q̂, ¯̂q)〉

− 2

1− e−iθ0
|〈p̂, B(q̂, ¯̂q)〉|2 − eiθ0

e3iθ0 − 1
|〈p̂, B(¯̂q, ¯̂q)〉|2.
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As eikθ0 6= 1, the map (2.7.8) can be transformed into the form

z̄ = eiθ0z(1 + d(0))|z4|

where a(0) = Re{d(0)}, that determines the direction of bifurcation of a closed

invariant curve, can be computed by formula

a(0) = Re

(
e−iθ0g21

2

)
−Re

(
(1− e2iθ0)e−2iθ0

2(1− eiθ0)
g20g11

)
− 1

2
|g11|2 −

1

4
|g02|2.

This compact formula allows us to verify the non-degeneracy of the nonlinear terms

at a non-resonant Neimark-Sacker bifurcation of n-dimensional maps with n ≥ 2.[5]



3. DYNAMICS OF XN+1 = α+βXN−1

A+BX2
N+CXN−1

In this chapter we consider the second order, quadratic rational difference equation

xn+1 =
α + βxn−1

A+Bx2
nx

2
n + Cxn−1

, n = 0, 1, 2, ... (3.0.1)

with positive parameters α, β, A, B, C, and non-negative initial conditions.

We will focus on the dynamic behavior of the positive fixed point and the type

of bifurcation exist where the change of stability occurs. Then we introduce some

Matlab codes that use our results.

3.1 Change of variables

Consider Equation (3.0.1), let

xn =

√
A√
B
yn.

Then

xn+1 =

√
A√
B
yn+1,

and

xn−1 =

√
A√
B
yn−1.

So Equation (3.0.1) becomes

√
A√
B
yn+1 =

α + β
√
A√
B
yn−1

A+B A
B
y2
n + C√

AB
yn−1
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yn+1 =

√
B√
A

α + β
√
A√
B
yn−1

A(1 + y2
n + C

√
A√
B
yn−1)

yn+1 =
α
√
B√
A3

+ β
A
yn−1

1 + y2
n + C√

AB
yn−1

.

Let p = α
√
B√
A3

, q = β
A

, and r = C√
AB

. We get

yn+1 =
p+ qyn−1

1 + y2
n + ryn−1

, n = 0, 1, 2, ...

3.2 Equilibrium points

In this section we prove the existence of the unique positive equilibrium point of the

rational difference equation

yn+1 =
p+ qyn−1

1 + y2
n + ryn−1

, n = 0, 1, 2, ... (3.2.1)

with positive parameters p, q, r, and non-negative initial conditions. And we give

a Matlab code to find it.

To find the equilibrium point, we solve the following equation

ȳ =
p+ qȳ

1 + ȳ2 + rȳ

hence

ȳ3 + rȳ2 + (1− q)ȳ − p = 0. (3.2.2)

To prove the existence of the positive fixed point we use the following theorem.

Theorem 3.1 (Descartes’ rule of signs). Let P (x) be a polynomial with real coef-

ficients. Then the number of positive zeros of P is either equal to the number of

variations in sign of P (x) or less than this by an even number.



3. Dynamics of xn+1 = α+βxn−1

A+Bx2
n+Cxn−1

52

By Descartes’ rule of signs Equation (3.2.2) has one positive root, which is the

unique positive equilibrium point of Equation (3.2.1).

To find the roots of Equation (3.2.2) we use the following code.

syms x q r p

t = [ 1 r (1−q ) −p ] ;

l= roots ( t )

And then we choose the positive root to be ȳ.

3.3 Linearized equation

To find the linearized equation of (3.2.1) about the equilibrium point ȳ, let

f(x, y) =
p+ qy

1 + x2 + ry

∂f

∂x
(x, y) =

−2x(p+ qy)

(1 + x2 + ry)2

∂f

∂x
(ȳ, ȳ) =

−2ȳ(p+ qȳ)

(1 + ȳ2 + rȳ)2 .

Since

ȳ =
p+ qȳ

1 + ȳ2 + rȳ

we get
∂f

∂x
(ȳ, ȳ) =

−2ȳ2

1 + ȳ2 + rȳ
.
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Similarly,

∂f

∂y
(x, y) =

q(1 + x2 + ry)− r(p+ qy)

(1 + x2 + ry)2

∂f

∂y
(ȳ, ȳ) =

q(1 + ȳ2 + rȳ)− r(p+ qȳ)

(1 + ȳ2 + rȳ)2

∂f

∂y
(ȳ, ȳ) =

q − rȳ
1 + ȳ2 + rȳ

.

The linearized equation is

yn+1 =
−2ȳ2

1 + ȳ2 + rȳ
yn +

q − rȳ
1 + ȳ2 + rȳ

yn−1.

And the characteristic equation is

λ2 +
2ȳ2

1 + ȳ2 + rȳ
λ− q − rȳ

1 + ȳ2 + rȳ
= 0.

3.4 Local stability

To check when the unique positive equilibrium point ȳ of Equation (3.2.1) is locally

asymptotically stable, let

a =
−2ȳ2

1 + ȳ2 + rȳ
, b =

q − rȳ
1 + ȳ2 + rȳ

A sufficient condition for asymptotic stability of ȳ is |a| < 1− b < 2. Which is

equivalent to

−b < 1, (3.4.1)

and |a| < 1− b. (3.4.2)

(3.4.1) always holds,

− q − rȳ
1 + ȳ2 + rȳ

< 1
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since

rȳ − q < 1 + ȳ2 + rȳ

and hence,

1 + ȳ2 + q > 0.

Which always holds.

And (3.4.2) is equivalent to

2ȳ2

1 + ȳ2 + rȳ
< (1 +

rȳ − q
1 + ȳ2 + rȳ

)

so

2ȳ2 < 1 + ȳ2 + rȳ + rȳ − q

and hence,

q < 1− ȳ2 + 2rȳ.

So (3.4.2) holds when q < 1− ȳ2 + 2rȳ.

Thus q < 1− ȳ2 + 2rȳ is a sufficient condition for asymptotic stability of ȳ .

3.5 Invariant intervals

Theorem 3.2. Consider the difference equation (3.2.1), and {yn}∞n=−1 as a solution.

Then the following are invariant intervals:

1. [0, q] when r ≥ 1, and q ≥ p.

2. [0, q
r
] when pr ≤ q.
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Proof. 1. Assume that r ≥ 1, and q ≥ p, and yN−1, yN ∈ [0, q] for some integer

N .

yN+1 =
p+ qyN−1

1 + y2
N + ryN−1

≤ p+ qyN−1

1 + ryN−1

≤ q + qyN−1

1 + yN−1

,

= q

And working inductively we complete the proof.

2. Assume that pr ≤ q, and yN−1, yN ∈ [0, q
r
] for some integer N .

yN+1 =
p+ qyN−1

1 + y2
N + ryN−1

=
q(p

q
+ yN−1)

r(1
r

+ 1
r
y2
N + yN−1)

≤
q(1

r
+ yN−1)

r(1
r

+ yN−1)

=
q

r

And working inductively we complete the proof.

�

3.6 Boundedness

We will show that every solution of the difference equation (3.2.1) is bounded. Let

{yn}∞n=−1 be a solution of (3.2.1). then we have
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for n = 0, 1, 2, ...

0 < yn+1 =
p+ qyn−1

1 + y2
n + ryn−1

=
p

1 + y2
n + ryn−1

+
qyn−1

1 + y2
n + ryn−1

≤ p

1
+
qyn−1

ryn−1

= p+
q

r
.

Hence the solution is bounded, since it is bounded from below and from above.

3.7 Period two cycles

In general, we say that a solution {yn}∞n=−1 is of prime period two if the solution

eventually takes the form:

..., φ, ψ, φ, ψ, ...

where φ and ψ are positive, and φ 6= ψ.

Theorem 3.3. Assume that Equation (3.2.1) has a two periodic cycle {φ, ψ}, where

φ and ψ are positive, and φ 6= ψ. Then q must satisfy the following conditions:

1.

q ≤ 1 + r(φ+ ψ) (3.7.1)

2.

q > 1− φψ (3.7.2)

Proof: Assume {φ, ψ} is prime period two solution of Equation (3.2.1), then φ, ψ

satisfy :

φ =
p+ qφ

1 + ψ2 + rφ
(3.7.3)
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and

ψ =
p+ qψ

1 + φ2 + rψ
. (3.7.4)

From Equation (3.7.3) we have

φ+ φψ2 + rφ2 = p+ qφ, (3.7.5)

and from Equation (3.7.4) we have

ψ + ψφ2 + rψ2 = p+ qψ. (3.7.6)

Subtracting Equation (3.7.6) from (3.7.5), we get:

(φ− ψ)− ψφ(φ− ψ) + r(φ2 − ψ2) = q(φ− ψ).

Since φ 6= ψ, the last equation can be divided by (φ− ψ), and we get

1− ψφ+ r(φ+ ψ) = q. (3.7.7)

So

φψ = 1 + r(φ+ ψ)− q.

But ψφ ≥ 0, so

1 + r(φ+ ψ)− q ≥ 0,

hence

q ≤ 1 + r(φ+ ψ).

Which is the first condition. From (3.7.7) we get also:

φ+ ψ =
φψ + q − 1

r
.

But φ+ ψ > 0, so
φψ + q − 1

r
> 0,

since r > 0 we have

φψ + q − 1 > 0,

hence

q > 1− φψ.
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Which completes the proof.

�

To study the stability of the two cycle {φ, ψ} (if it exists), let

zn = yn−1,

and

vn = yn.

We get the following system

zn+1 = vn

vn+1 =
p+ qzn

1 + v2
n + rzn

, n = 0, 1, 2, ...

Let F be a function on (0,∞)× (0,∞) defined by

F

(
z

v

)
=

(
v

p+qz
1+v2+rz

)
.

Then (
φ

ψ

)
is a fixed point of F 2(z, v), where

F 2

(
z

v

)
=

(
F1(v, z)

F2(v, z)

)
=

(
p+qz

1+v2+rz
p+qv

1+(F1(v,z))2+rv

)
. (3.7.8)

Now we find the Jacobian matrix of F 2(z, v), we have

∂F1

∂z
=
q(1 + v2 + rz)− r(p+ qz)

(1 + v2 + rz)2
,

∂F1

∂v
=
−2(p+ qz)v

(1 + v2 + rz)2
,

∂F2

∂z
=
−2(p+ qv)∂F1(z,v)

∂z
F1(z, v)

(1 + (F1(v, z))2 + rv)2
,
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and
∂F2

∂v
=
q(1 + (F1(v, z))2 + rv)− (p+ qv)(2∂F1(z,v)

∂v
F1(z, v) + r)

(1 + (F1(v, z))2 + rv)2
.

The Jacobian matrix is

JF 2(z, v) =

 q(1+v2+rz)−r(p+qz)
(1+v2+rz)2

−2(p+qz)v
(1+v2+rz)2

−2(p+qv)
∂F1(z,v)

∂z
F1(z,v)

(1+(F1(v,z))2+rv)2

q(1+(F1(v,z))2+rv)−(p+qv)(2
∂F1(z,v)

∂v
F1(z,v)+r)

(1+(F1(v,z))2+rv)2



JF 2(z, v)|(φ,ψ) =

(
q−r(φ

(1+ψ2+rφ)
−2φψ

(1+ψ2+rφ)
−2(p+qφ)φψ

(1+ψ2+rφ)(1+φ2+rψ)
q(1+ψ2+rφ)+4φ2ψ2−rψ(1+ψ2+rφ)

(1+ψ2+rφ)(1+φ2+rψ)

)

So

det(JF 2(φ, ψ)) =
(q − rφ)(q − rψ)

(1 + ψ2 + rφ)(1 + φ2 + rψ)
,

and

tr(JF 2(φ, ψ)) =
(q − rφ)(1 + φ2 + rψ) + (q − rψ)(1 + ψ2 + rφ) + 4φ2ψ2

(1 + ψ2 + rφ)(1 + φ2 + rψ)
.

A sufficient condition for locally asymptotic stability of {φ, ψ} is

|tr(JF 2)| < 1 + det(JF 2) < 2.

Which is equivalent to

det(JF 2) < 1, (3.7.9)

tr(JF 2) < 1 + det(JF 2), (3.7.10)

−1− det(JF 2) < tr(JF 2). (3.7.11)

(3.7.9) holds when

(q − rφ)(q − rψ) < (1 + ψ2 + rφ)(1 + φ2 + rψ),

So

(q − rφ)(q − rψ)− (1 + ψ2 + rφ)(1 + φ2 + rψ) < 0.
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And (3.7.10) holds when

(q − rφ)(1 + φ2 + rψ) + (q − rψ)(1 + ψ2 + rφ) + 4φ2ψ2

(1 + ψ2 + rφ)(1 + φ2 + rψ)

< 1 +
(q − rφ)(q − rψ)

(1 + ψ2 + rφ)(1 + φ2 + rψ)
,

so

(q − rφ)(1 + φ2 + rψ) + (q − rψ)(1 + ψ2 + rφ) + 4φ2ψ2

< (1 + ψ2 + rφ)(1 + φ2 + rψ) + (q − rφ)(q − rψ),

and hence

(q − rφ)(1 + φ2 + rψ) + (q − rψ)(1 + ψ2 + rφ) + 4φ2ψ2

−(1 + ψ2 + rφ)(1 + φ2 + rψ)− (q − rφ)(q − rψ) < 0.

(3.7.11) always holds since

(q − rφ)(1 + φ2 + rψ) + (q − rψ)(1 + ψ2 + rφ) + 4φ2ψ2

(1 + ψ2 + rφ)(1 + φ2 + rψ)

> −1− (q − rφ)(q − rψ)

(1 + ψ2 + rφ)(1 + φ2 + rψ)

implies

−1− φ2 − ψ2 − 5φ2ψ2 − q2 − r2φψ − 2q − q(φ2 + ψ2) < 0

which always holds.

3.8 Global stability

In this section we investigate a result about the global stability of the positive

equilibrium point of (3.2.1) ȳ.

Theorem 3.4. Assume pr ≤ q ≤ r
√
r2+4−r2

2
. Then the positive equilibrium point ȳ

on the interval S = [0, q
r
] is globally asymptotically stable.
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Proof: this proof can easily be done depending on Theorem (1.7). Assume pr ≤ q,

and consider the function

f(x, y) =
p+ qy

1 + x2 + ry
.

Note that S is an invariant interval and all non-negative solutions of Equation

(3.2.1) lie in this interval, and f(x, y) on S is non-increasing function in x, and

non-decreasing in y.

Now we need to show that the difference equation (3.2.1) has no solution of

prime period two in S.

For seek of contradiction assume that the difference equation (3.2.1) has a

solution of prime period two {φ, ψ} ∈ S. Then q must satisfy

q > 1− φψ,

but since {φ, ψ} ∈ S

1− φψ ≥ 1− q2

r2
,

hence

q > 1− q2

r2
,

which is a contradiction, since q ≤ r
√
r2+4−r2

2
.

So Equation (3.2.1) has no solution of prime period two in S. Then both

conditions of Theorem (1.7) hold, then (3.2.1) has a unique positive equilibrium

point ȳ ∈ S, and it is globally asymptotically stable. �
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3.9 Matlab Codes and numerical discussion 1

In this section we introduce Matlab code that uses our results, and then we insert

some examples.

Matlab code for finding the fixed point and its stability and solution

behavior:

syms x ;

r= ; %r v a l u e

p= ; %p v a l u e

q= ; %q v a l u e

t = [ 1 r (1−q ) −p ] ;

l= roots ( t )

i f l ( 1 )>0

’The p o s i t i v e f i x e d po int i s ’

y=l (1 )

else i f l ( 2 )>0

’The p o s i t i v e f i x e d po int i s ’

y=l (2 )

else i f l ( 3 )>0

’The p o s i t i v e f i x e d po int i s ’

y=l (3 )

end

end

end

U=(1+yˆ2+r∗y )

a=(2∗yˆ2) /(1+yˆ2+r∗y )

b=(q−r∗y ) /(1+yˆ2+r∗y )

i f q<(1−yˆ2+2∗ r∗y )

i f q<(1+3∗yˆ2+2∗ r∗y )

’The p o s i t i v e f i x e d po int i s a sympto t i c l l y s t a b l e ’

end
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else

’The p o s i t i v e f i x e d po int i s not a sympto t i c l l y s t a b l e ’

end

c=p∗ r

m=((( r ∗( r ˆ2+4) ˆ ( 0 . 5 ) )−r ˆ2) /2)

i f q>=c && q<=m

’The p o s i t i v e f i x e d po int i s g l o b a l l y a sympto t i c l l y

s t a b l e ’

n=70;

x=zeros (n+1 ,1) ;

t=zeros (n+1 ,1) ;

x (1 ) =0.1 ; x (2 ) =1.1 ;

t t (1 ) =0;

for i =2:n

t ( i )=i −1;

x ( i +1)=(p+q∗x ( i −1) ) /(1+(x ( i ) )ˆ2+r∗x ( i −1) ) ;

end

t (n+1)=n ;

plot ( t , x , t , x , ’ . ’ ) , xlabel ( ’n−i t e r a t i o n ’ ) , ylabel ( ’ x (n) ’ )

axis ( [ 0 70 0 1 0 ] ) , t i t l e ( ’The behavior o f the s o l u t i o n s ’ )

else

’The p o s i t i v e f i x e d po int i s not g l o b a l l y

a sympto t i c l l y s t a b l e ’

n=70;

x=zeros (n+1 ,1) ;

t=zeros (n+1 ,1) ;

x (1 ) =0.1 ; x (2 ) =1.1 ;

t t (1 ) =0;

for i =2:n

t ( i )=i −1;

x ( i +1)=(p+q∗x ( i −1) ) /(1+(x ( i ) )ˆ2+r∗x ( i −1) ) ;
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end

t (n+1)=n ;

plot ( t , x , t , x , ’ . ’ ) , xlabel ( ’n−i t e r a t i o n ’ ) , ylabel ( ’ x (n) ’ )

axis ( [ 0 70 0 1 0 ] ) , t i t l e ( ’The behavior o f the s o l u t i o n s ’ )

end

Example 3.1. Consider the difference equation (3.2.1), take p = 4, q = 5, r = 0.5.

Equation (3.2.1) becomes

yn+1 =
4 + 5yn−1

1 + y2
n + 0.5yn−1

, n = 0, 1, 2, ...

With initial conditions y0 = 0.1, y1 = 1.1.

The theoretical positive equilibrium point will be ȳ = 2.1786778129.

Theoretically the positive equilibrium point ȳ is unstable since pr = 2 ≤ q but

q > r
√
r2+4−r2

2
= 0.3903882032.

Figure (3.1) shows that the positive equilibrium point is unstable.

Fig. 3.1: The positive equilibrium point is unstable.
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And using the Matlab code we get the following output

l =

2.1787 + 0.0000i

-1.3393 + 0.2053i

-1.3393 - 0.2053i

ans = ’The positive fixed point is’

y = 2.1787

U = 6.8360

a = 1.3887

b = 0.5721

ans = ’The positive fixed point is not asymptoticly stable’

c = 2

m = 0.3904

ans = ’The positive fixed point is not globally asymptoticly stable’
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Example 3.2. Consider the difference equation (3.2.1), take p = 0.5, q = 0.3, r =

0.5. Equation (3.2.1) becomes

yn+1 =
0.5 + 0.3yn−1

1 + y2
n + 0.5yn−1

, n = 0, 1, 2, ...

With initial conditions y0 = 0.1, y1 = 1.1.

The theoretical positive equilibrium point will be ȳ = 0.4457850401.

Theoretically the positive equilibrium point ȳ is stable since pr = 0.25 ≤ q and

q < r
√
r2+4−r2

2
= 0.39.

Figure (3.2) shows that the positive equilibrium point is stable.

Fig. 3.2: The positive equilibrium point is stable.

And using the Matlab code we get the following output

l =

-0.4729 + 0.9476i

-0.4729 - 0.9476i
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0.4458 + 0.0000i

ans = ’The positive fixed point is’

y = 0.4458

U = 1.4216

a = 0.2796

b = 0.0542

ans = ’The positive fixed point is asymptoticlly stable’

c = 0.2500

m = 0.3904

ans = ’The positive fixed point is globally asymptoticlly stable’
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3.10 Bifurcation of yn+1 = p+qyn−1

1+y2n+ryn−1

In this section we study the types of bifurcation that occur at q = q∗ as q is the

bifurcation parameter.

In order to convert Equation (3.2.1) to a second order dimensional system with

three parameters p, q, and r, let

zn = yn−1,

and

vn = yn.

We get the following system

zn+1 = vn

vn+1 =
p+ qzn

1 + v2
n + rzn

, n = 0, 1, 2, ...

This system has the unique fixed point (z̄, v̄)T = (ȳ, ȳ)T . Convert this system in to

second dimensional map

F

(
z

v

)
=

(
f1(z, v)

f2(z, v)

)
=

(
v

p+qz
1+v2+rz

)
. (3.10.1)

Now we find the Jacobian matrix of F (z, v), we have

∂f1

∂z
= 0,

∂f1

∂v
= 1,

∂f2

∂z
=
q(1 + v2 + rz)− r(p+ qz)

(1 + v2 + rz)2
,

and
∂f2

∂v
=
−2(p+ qz)v

(1 + v2 + rz)2
.

The Jacobian matrix is

JF (z, v) =

(
0 1

q(1+v2+rz)−r(p+qz)
(1+v2+rz)2

−2(p+qz)v
(1+v2+rz)2

)
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JF (z, v)|(ȳ,ȳ) =

(
0 1

q−rȳ
1+ȳ2+rȳ

−2ȳ2

1+ȳ2+rȳ

)
So

det(JF (ȳ, ȳ)) = − q − rȳ
1 + ȳ2 + rȳ

,

and

tr(JF (ȳ, ȳ)) =
−2ȳ2

1 + ȳ2 + rȳ
.

Theorem 3.5. The fixed point (ȳ, ȳ) of the system (3.10.1) undergoes a saddle-node

bifurcation when q = 2rȳ + 3ȳ2 + 1.

Proof: Saddle-node bifurcation happens when

det(J) = tr(J)− 1.

So the fixed point (ȳ, ȳ) of the system (3.10.1) undergoes a saddle-node bifurcation

if

det(JF (ȳ, ȳ)) = tr(JF (ȳ, ȳ))− 1

or

− q − rȳ
1 + ȳ2 + rȳ

=
−2ȳ2

1 + ȳ2 + rȳ
− 1

so

−q + rȳ = −2ȳ2 − 1− ȳ2 − rȳ

thus

q = 2rȳ + 3ȳ2 + 1.

So saddle-node bifurcation happens if q = 2rȳ + 3ȳ2 + 1. �

Theorem 3.6. The fixed point (ȳ, ȳ) of the system (3.10.1) undergoes a period-

doubling bifurcation when q = 2rȳ − ȳ2 + 1 if r > ȳ2−1
2ȳ

.

Proof: Assume r > ȳ2−1
2ȳ

. Period-doubling bifurcation happens when

det(J) = −tr(J)− 1.
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So the fixed point (ȳ, ȳ) of the system (3.10.1) undergoes a period-doubling bifurca-

tion if

det(JF (ȳ, ȳ)) = −tr(JF (ȳ, ȳ))− 1

or

− q − rȳ
1 + ȳ2 + rȳ

= − −2ȳ2

1 + ȳ2 + rȳ
− 1

so

−q + rȳ = 2ȳ2 − 1− ȳ2 − rȳ

thus

q = 2rȳ − ȳ2 + 1.

Which is positive since r > ȳ2−1
2ȳ

. So period-doubling bifurcation happens if q =

2rȳ − ȳ2 + 1. �

Now consider Neimark-Sacker bifurcation which happens when

det(J) = 1

and

−2 < tr(J) < 2.

So the system (3.10.1) undergoes Neimark-Sacker bifurcation when

det(JF (ȳ, ȳ)) = 1 (3.10.2)

and

−2 < tr(JF (ȳ, ȳ)) < 2.

Equation (3.10.2) holds if

− q − rȳ
1 + ȳ2 + rȳ

= 1

so

−q + rȳ = 1 + ȳ2 + rȳ

thus

q = −(1 + ȳ2).

Which is impossible since q > 0. So the system (3.10.1) can not undergo Neimark-

Sacker bifurcation at (ȳ, ȳ).
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3.11 Direction of The Period-Doubling (Flip) bifurcation

In this section we will find the direction of Flip bifurcation of system (3.10.1) at

q = 2rȳ − ȳ2 + 1.

We need at first to shift the fixed point (ȳ, ȳ) to the origin. Let

wn = zn − ȳ, un = vn − ȳ.

System (3.10.1) will be

wn+1 = un

un+1 =
p+ q(wn + ȳ)

1 + (un + ȳ)2 + r(wn + ȳ)
, n = 0, 1, 2, ...

Or

Yn+1 = AYn +G(Yn), (3.11.1)

where

A =

(
0 1

q−rȳ
1+ȳ2+rȳ

−2ȳ2

1+ȳ2+rȳ

)
, Yn =

(
wn

un

)
,

and

G(Y ) =
1

2
B(Y, Y ) +

1

6
C(Y, Y, Y ) +O(‖Y ‖4)

B(Y, Y ) =

(
B1(Y, Y )

B2(Y, Y )

)
and C(Y, Y, Y ) =

(
C1(Y, Y, Y )

C2(Y, Y, Y )

)
where

Bi(x, y) =
n∑

k,j=1

∂2Yi(η)

∂ηk∂ηj
|η=0(xkyj)

and

Ci(x, y, z) =
n∑

l,k,j=1

∂3Yi(η)

∂ηl∂ηk∂ηj
|η=0(xlykzj).

So B1(ψ, φ) = 0 and C1(ψ, φ, ξ) = 0,

B2(ψ, φ) =
−2r(q − rȳ)

(1 + ȳ2 + rȳ)2
(ψ1φ1)+

2ȳ(2rȳ − q)
(1 + ȳ2 + rȳ)2

(ψ1φ2+ψ2φ1)+
8ȳ3 − 2(p+ qȳ)

(1 + ȳ2 + rȳ)2
(ψ2φ2),
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and

C2(ψ, φ, ξ) =
6r2(q − rȳ)

(1 + ȳ2 + rȳ)3
(ψ1φ1ξ1) +

4rȳ(2q − 3rȳ)

(1 + ȳ2 + rȳ)3
(ψ1φ1ξ2 + ψ1φ2ξ1 + ψ2φ1ξ1)

+
2q(rȳ + 3ȳ2 − 1) + 4r(p− 6ȳ3)

(1 + ȳ2 + rȳ)3
(ψ2φ2ξ1 + ψ2φ1ξ2 + ψ1φ2ξ2)

+
20ȳ(p+ qȳ)− 48ȳ4

(1 + ȳ2 + rȳ)3
(ψ2φ2ξ2).

Now we find the eigenvectors of A and AT corresponding to the eigenvalue

λ = −1 at the bifurcation point q = 2rȳ − ȳ2 + 1.

Let q̂ and p∗ be the eigenvectors of A and AT corresponding to the eigenvalue

λ = −1 respectively. So we have

Aq̂ = −q̂, and ATp∗ = −p∗.

Or

(A+ I)q̂ = 0 (3.11.2)

(AT + I)p∗ = 0. (3.11.3)

Equation (3.11.2) is equivalent to(
1 1

q−rȳ
1+ȳ2+rȳ

1 + −2ȳ2

1+ȳ2+rȳ

)(
q̂1

q̂2

)
=

(
0

0

)
.

Let q̂1 = 1, from the first equation we get

q̂1 + q̂2 = 0

so q̂2 = −1. Thus take q̂ ∼

(
1

−1

)
.

Note that in order to have a nonzero solution for (A + I)q̂ = 0, the matrix

(A+ I) must be singular. Which means that |A+ I| must equal to zero, so

−2ȳ2

1 + ȳ2 + rȳ
+ 1− q − rȳ

1 + ȳ2 + rȳ
= 0.
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Thus, q̂ satisfies the second equation q−rȳ
1+ȳ2+rȳ

q̂1 + (1 + −2ȳ2

1+ȳ2+rȳ
)q̂2 = 0.

Now, consider Equation (3.11.3) which is equivalent to(
1 q−rȳ

1+ȳ2+rȳ

1 1 + −2ȳ2

1+ȳ2+rȳ

)(
p∗1

p∗2

)
=

(
0

0

)
.

Take p∗2 = 1, from the first equation we get

p∗1 +
q − rȳ

1 + ȳ2 + rȳ
p∗2 = 0

so p∗1 = rȳ−q
1+ȳ2+rȳ

. Thus take p∗ ∼

(
rȳ−q

1+ȳ2+rȳ

1

)
.

Note that in order to have a nonzero solution for (AT + I)p∗ = 0, the matrix

(AT + I) must be singular. Which means that |AT + I| must equal to zero, so

−2ȳ2

1 + ȳ2 + rȳ
+ 1− q − rȳ

1 + ȳ2 + rȳ
= 0.

Thus, p∗ satisfies the second equation p∗1 + (1 + −2ȳ2

1+ȳ2+rȳ
)p∗2 = 0.

Now, we normalize p∗ and q̂,

〈p∗, q̂〉 =
rȳ − q

1 + ȳ2 + rȳ
− 1.

Take p̂ = η

(
rȳ−q

1+ȳ2+rȳ

1

)
, η = 1

rȳ−q
1+ȳ2+rȳ

−1
= −1+ȳ2+rȳ

1+ȳ2+q
.

The critical eigenspace T c corresponding to λ = −1 is one-dimensional and

spanned by an eigenvector q̂. Let T su denote a one-dimensional linear eigenspace of

A corresponding to all eigenvalues other than λ. Note that the matrix (A − λIn)

has common invariant spaces with the matrix A, so we conclude that y ∈ T su if and

only if 〈p̂, y〉 = 0.

Any vector x ∈ Rn can be decomposed as

x = uq̂ + y
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where uq̂ ∈ T c, y ∈ T su and

u = 〈p̂, x〉.

y = x− 〈p̂, x〉q̂.

In the coordinates (u, y), the map (3.11.1) can be written as

ũ = λu+ 〈p̂, G(uq̂ + y)〉,

ỹ = Ay +G(uq̂ + y)− 〈p̂, G(uq̂ + y)〉q̂.

Using Taylor expansions, the last two equations can be written as

ũ = λu+
1

2
δu2 + u〈b, y〉+

1

6
σu3 + ...

ỹ = Ay +
1

2
au2 + ...

(3.11.4)

where u = R, y ∈ Rn, δ, σ ∈ R, a, b ∈ Rn and 〈b, y〉 =
∑n

i=1 biyi is the standard

scalar product, and can be expressed as

〈b, y〉 = 〈b, B(q̂, y)〉.

The center manifold of (3.11.4) has the representation

y = V (u) =
1

2
w2u

2 +O(u3),

where w2 ∈ T su ⊂ Rn, so that 〈p̂, w2〉 = 0. The vector w2 satisfies

(A− In)w2 + a = 0.

We have λ = 1 is not an eigenvalue of A, so the matrix (A− In) is invertible in Rn.

Thus, we have

w2 = −(A− In)−1a

and the restriction of (3.11.4) to the center manifold takes the form

ũ = −u+
1

2
δu2 +

1

6
(σ − 3〈q̂, (A− In)−1a〉)u3 +O(u4)

where δ = 〈p̂, B(q̂, q̂)〉, σ = 〈p̂, C(q̂, q̂, q̂)〉 and a = B(q̂, q̂)− 〈p̂, B(q̂, q̂)〉q̂.
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Using the identity

(A− In)q̂ =
1

2
q̂,

the restricted map can br written as

ũ = −u+ a(0)u2 + b(0)u3 +O(u4) (3.11.5)

where

a(0) =
1

2
〈p̂, B(q̂, q̂)〉,

and

b(0) =
1

6
〈p̂, C(q̂, q̂, q̂)〉 − 1

4
(〈p̂, B(q̂, q̂)〉)2 − 1

2
〈p̂, B(q̂, (A− In)−1B(q̂, q̂))〉.

The map (3.11.5) can be transformed to the normal form

ξ̃ = −ξ + c(0)ξ3 +O(ξ4)

where

c(0) = a2(0)− b(0).

Thus,the critical normal form coefficient c(0), allows us to predict the direction of

bifurcation of the period-two cycle. c(0) is given by the following invariant formula:

c(0) =
1

6
〈p̂, C(q̂, q̂, q̂)〉 − 1

2
〈p̂, B(q̂, (A− In)−1B(q̂, q̂))〉.

If c(0) > 0, then a unique and stable period-two cycle bifurcates from the fixed point

at the bifurcation point q = 2rȳ − ȳ2 + 1.

B(q̂, q̂) =

(
0

−2r(q−rȳ)−4ȳ(2rȳ−q)+8ȳ3−2(p+qȳ)
(1+ȳ2+rȳ)2

)
.

C(q̂, q̂, q̂) =

(
0

6r2(q−rȳ)
(1+ȳ2+rȳ)3 − 12rȳ(2q−3rȳ)

(1+ȳ2+rȳ)3 + 32q(rȳ+3ȳ2−1)+4r(p−6ȳ3)
(1+ȳ2+rȳ)3 − 20ȳ(p+qȳ)−48ȳ4

(1+ȳ2+rȳ)3

)
.
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〈p̂, C(q̂, q̂, q̂)〉 = −
(

1 + ȳ2 + rȳ

1 + ȳ2 + q

)[
6r2(q − rȳ)

(1 + ȳ2 + rȳ)3
− 12rȳ(2q − 3rȳ)

(1 + ȳ2 + rȳ)3

+3
2q(rȳ + 3ȳ2 − 1) + 4r(p− 6ȳ3)

(1 + ȳ2 + rȳ)3
− 20ȳ(p+ qȳ)− 48ȳ4

(1 + ȳ2 + rȳ)3

]
.

(A− I)−1 =

(
−1 1
q−rȳ

1+ȳ2+rȳ
−1 + −2ȳ2

1+ȳ2+rȳ

)−1

=
1 + ȳ2 + rȳ

2ȳ2

(
−1 + −2ȳ2

1+ȳ2+rȳ
−1

− q−rȳ
1+ȳ2+rȳ

−1

)
.

(A− I)−1B(q̂, q̂) =
1 + ȳ2 + rȳ

2ȳ2

(
2r(q−rȳ)+4ȳ(2rȳ−q)−8ȳ3+2(p+qȳ)

(1+ȳ2+rȳ)2

2r(q−rȳ)+4ȳ(2rȳ−q)−8ȳ3+2(p+qȳ)
(1+ȳ2+rȳ)2

)
.

B(q̂, (A− In)−1B(q̂, q̂)) =
1 + ȳ2 + rȳ

2ȳ2

(
0

m

)
,

where

m =

(
2r(q − rȳ) + 4ȳ(2rȳ − q)− 8ȳ3 + 2(p+ qȳ)

(1 + ȳ2 + rȳ)2

)(
−2r(q − rȳ)− 8ȳ3 + 2(p+ qȳ)

(1 + ȳ2 + rȳ)2

)
.

〈p̂, B(q̂, (A− In)−1B(q̂, q̂))〉 =

([
2r(q − rȳ) + 4ȳ(2rȳ − q)− 8ȳ3 + 2(p+ qȳ)

2ȳ2(1 + ȳ2 + q)

]
[
−2r(q − rȳ)− 8ȳ3 + 2(p+ qȳ)

(1 + ȳ2 + rȳ)2

])
.



3. Dynamics of xn+1 = α+βxn−1

A+Bx2
n+Cxn−1

77

3.12 Matlab Codes and numerical discussion 2

In this section we introduce Matlab code that uses our results, and then we insert

an example.

Matlab code for period-doubling bifurcation:

r= ; %r v a l u e

p= ; %p v a l u e

a=−1∗r ;

u=0;

t = [ 2 a 0 −p ] ;

l= roots ( t )

for k=1:3

i f l ( k )>0

y=l ( k ) ;

i f (2∗ r∗y−yˆ2+1)>0

u=u+1;

’The p o s i t i v e f i x e d po int i s ’

y=l ( k )

’The b i f u r c a t i o n valu o f the parameter q i s ’

q=(2∗ r∗y−yˆ2+1)

A=−1∗( (1+yˆ2+r ∗(y ) ) /(1+yˆ2+q ) ) ;

B=6∗( r ˆ2) ∗(q−r∗y )−12∗ r∗y∗ ((2∗q−3∗r∗y ) ) +3∗(2∗q∗( r∗y+3∗(yˆ2)

−1)+4∗r ∗(p−6∗(yˆ3) ) )−(20∗y∗(p+q∗y )−48∗yˆ4) ;

U=(1+yˆ2+r∗y ) ˆ3 ;

D=A∗(B/U) ;

F=(2∗ r ∗(q−r∗y )+4∗y∗(2∗ r∗y−q )−8∗yˆ3+2∗(p+q∗y ) ) /((2∗yˆ2 )∗(1+y

ˆ2+q ) ) ;

L=(−2∗r ∗(q−r∗y )−8∗yˆ3+2∗(p+q∗y ) ) /((1+yˆ2+r∗y ) ˆ2 ) ;

J=F∗L ;

c =(1/6)∗D−(0.5 )∗J
i f c>0



3. Dynamics of xn+1 = α+βxn−1

A+Bx2
n+Cxn−1

78

’ A unique and s t a b l e per iod−two c y c l e b i f u r c a t e s from

the f i x e d po int at the b i f u r c a t i o n po int . ’

end

amin=0;

amax=10;

x0 =.2 ; x1 =.3 ;

n=1000;

jmax=200;

t=zeros ( jmax+1 ,1) ;

z=zeros ( jmax+1 ,250) ;

de l =(amax−amin ) /jmax ;

for j =1: jmax+1

x=zeros (n+1 ,1) ;

x (1 )=x0 ; x (2 )=x1 ;

t ( j )=(j−1)∗ de l+amin ;

a=t ( j ) ;

for i =2:n

x ( i +1)=(p+a .∗ x ( i −1) ) /(1+(x ( i ) )ˆ2+r∗x ( i −1) ) ;

i f ( i >750)

z ( j , i −750)=x ( i +1) ;

end

end

end

plot ( t , z , ’ b lue ’ , ’ MarkerSize ’ , 5 ) , t i t l e ( ’ Period−doubl ing

b i f u r c a t i o n ’ )

end

end

end

i f u==0
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’The system does not undergo per iod−doubl ing ( f l i p )

b i f u r c a t i o n . ’

end

Example 3.3. Consider the difference equation (3.2.1). Fix p, r, and consider q

as bifurcation parameter. Take p = 1, r = 0.9, and 0 < q ≤ 10. Equation (3.2.1)

becomes

yn+1 =
1 + qyn−1

1 + y2
n + 0.9yn−1

, n = 0, 1, 2, ... (3.12.1)

Which is equivalent to (
y1(n+ 1)

y2(n+ 1)

)
=

(
y2(n)

1+qy1(n)

1+y2(n)2
n+0.9y1(n)

)
. (3.12.2)

The positive equilibrium point ȳ of (3.12.1) satisfies

ȳ3 + 0.9ȳ2 + (1− q)ȳ − 1 = 0. (3.12.3)

Theorem 3.6 shows that the fixed point undergoes a period-doubling bifurcation at

q∗ = 1.8ȳ − ȳ2 + 1. So Equation (3.12.3) at q∗ becomes

2ȳ3 − 0.9ȳ2 − 1 = 0.

Thus the theoretical fixed point of (3.12.1) is

ȳ = 0.97546665.

Note that r = 0.9 > ȳ2−1
2ȳ

= −0.0236, so the condition of Theorem 3.6 holds. Sub-

stituting the value of ȳ in q∗ we get

q∗ = 1.8043047.

Now to determine the direction of period-doubling bifurcation we find c(0).

q̂ =

(
1

−1

)
and p̂ = (−0.7533482)

(
−0.2466518

1

)
.
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c(0) =
1

6
〈p̂, C(q̂, q̂, q̂)〉 − 1

2
〈p̂, B(q̂, (A− In)−1B(q̂, q̂))〉.

〈p̂, C(q̂, q̂, q̂)〉 = 1.94576.

〈p̂, B(q̂, (A− In)−1B(q̂, q̂))〉 = 0.0266652827.

So

c(0) = 0.1857633587 > 0

So this shows that a unique and stable period-two cycle bifurcates from the fixed

point at the bifurcation point q∗ = 1.8043047. Figure (3.3) shows the stable period-

two cycle.

Fig. 3.3: Period-doubling bifurcation of yn+1 = 1+qyn−1

1+y2
n+0.9yn−1

.

And using the Matlab code we get the following output

l =

0.9755 + 0.0000i

-0.2627 + 0.6660i

-0.2627 - 0.6660i
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ans = ’The positive fixed point is’

y = 0.9755

ans = ’The bifurcation valu of the parameter q is ’

q = 1.8043

c = 0.1858

ans = ’ A unique and stable period-two cycle bifurcates from the fixed point at the

bifurcation point.’



4. DYNAMICS OF XN+1 =
α+βX2

N−1

A+BXN+CX2
N−1

In this chapter we consider the second order, quadratic rational difference equation

xn+1 =
α + βx2

n−1

A+Bxn + Cx2
n−1

, n = 0, 1, 2, ... (4.0.1)

with positive parameters α, β, A, B, C, and non-negative initial conditions.

We will focus on the dynamic behavior of the positive fixed point and the type

of bifurcation exist where the change of stability occurs. And then we introduce

some Matlab codes that use our results.

4.1 Change of variables

Consider Equation (4.0.1), let

xn =
A

B
yn.

Then

xn+1 =
A

B
yn+1,

and

xn−1 =
A

B
yn−1.

So Equation (4.0.1) becomes

A

B
yn+1 =

α + β A
2

B2y
2
n−1

A+B A
B
yn + C A2

B2y2
n−1
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yn+1 =
B

A

α + β A
2

B2y
2
n−1

A(1 + yn + C A
B2y2

n−1)

yn+1 =
α B
A2 + β

B
y2
n−1

1 + yn + CA
B2 y2

n−1

.

Let p = α B
A2 , q = β

B
, and r = CA

B2 . We get

yn+1 =
p+ qy2

n−1

1 + yn + ry2
n−1

, n = 0, 1, 2, ...

4.2 Equilibrium points

In this section we prove the existence of a unique positive equilibrium point of the

rational difference equation

yn+1 =
p+ qy2

n−1

1 + yn + ry2
n−1

, n = 0, 1, 2, ... (4.2.1)

with positive parameters p, q, r, and non-negative initial conditions. And we give a

Matlab code to find it. To find the equilibrium point, we solve the following equation

ȳ =
p+ qȳ2

1 + ȳ + rȳ2

hence

rȳ3 + (1− q)ȳ2 + ȳ − p = 0. (4.2.2)

can be considered as two curves with behavior

rȳ2 + (1− q)ȳ︸ ︷︷ ︸
a parabola

=
p

ȳ
− 1︸ ︷︷ ︸

a hyperbola

.

Equation (4.2.1) has a unique positive equilibrium point ȳ, which can be obtained

as an intersection point of these two curves. From figures 4.1 and 4.2 we obtain the

required conclusion.

To find the roots of Equation (4.2.2) we use the following code.
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Fig. 4.1: The equilibrium of (4.2.1), q > 1.

syms x q r p

t = [ r (1−q ) 1 −p ] ;

l= roots ( t )

And then we choose the positive root to be ȳ.

4.3 Linearized equation

To find the linearized equation of (4.2.1) about the equilibrium point ȳ, let

f(x, y) =
p+ qy2

1 + x+ ry2

∂f

∂x
(x, y) =

−(p+ qy2)

(1 + x+ ry2)2

∂f

∂x
(ȳ, ȳ) =

−(p+ qȳ2)

(1 + ȳ + rȳ2)2 .
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Fig. 4.2: The equilibrium of (4.2.1), 0 < q < 1.

Since

ȳ =
p+ qȳ2

1 + ȳ + rȳ2

we get
∂f

∂x
(ȳ, ȳ) =

−ȳ
1 + ȳ + rȳ2

.

Similarly,

∂f

∂y
(x, y) =

2qy(1 + x+ ry2)− 2ry(p+ qy2)

(1 + x+ ry2)2

∂f

∂y
(ȳ, ȳ) =

2qȳ(1 + ȳ + rȳ2)− 2rȳ(p+ qȳ)

(1 + ȳ + rȳ2)2

∂f

∂y
(ȳ, ȳ) =

2ȳ(q − rȳ)

1 + ȳ + rȳ2
.

The linearized equation is

yn+1 =
−ȳ

1 + ȳ + rȳ2
yn +

2ȳ(q − rȳ)

1 + ȳ + rȳ2
yn−1.

And the characteristic equation is

λ2 +
ȳ

1 + ȳ + rȳ2
λ− 2ȳ(q − rȳ)

1 + ȳ + rȳ2
= 0.



4. Dynamics of xn+1 =
α+βx2

n−1

A+Bxn+Cx2
n−1

86

4.4 Local stability

To check when the unique positive equilibrium point ȳ of Equation (4.2.1) is locally

asymptotically stable, let

a =
−ȳ

1 + ȳ + rȳ2
, b =

2ȳ(q − rȳ)

1 + ȳ + rȳ2

A sufficient condition for asymptotic stability of ȳ is |a| < 1− b < 2. Which is

equivalent to

−b < 1, (4.4.1)

and |a| < 1− b. (4.4.2)

(4.4.1) holds when

− 2ȳ(q − rȳ)

1 + ȳ + rȳ2
< 1

so

2rȳ2 − 2ȳq < 1 + ȳ + rȳ2

and hence,

q >
−1 + rȳ2 − ȳ

2ȳ
.

Equation (4.4.2) is equivalent to

ȳ

1 + ȳ + rȳ2
< 1 +

−2ȳ(q − rȳ)

1 + ȳ + rȳ2

so

ȳ < −2ȳq + 3rȳ2 + 1 + ȳ
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and hence,

q <
1 + 3rȳ2

2ȳ
.

So (4.4.2) holds when q < 1+3rȳ2

2ȳ
. Hence a sufficient condition for asymptotic

stability of ȳ is
−1 + rȳ2 − ȳ

2ȳ
< q <

1 + 3rȳ2

2ȳ
.

4.5 Invariant intervals

Theorem 4.1. Consider the difference equation (4.2.1), and let {yn}∞n=−1 be a so-

lution. Then [0, q
r
] when pr ≤ q is an invariant interval.

Proof. Assume that pr ≤ q, and yN−1, yN ∈ [0, q
r
] for some integer N .

yN+1 =
p+ qy2

N−1

1 + yN + ry2
N−1

=
q(p

q
+ y2

N−1)

r(1
r

+ 1
r
yN + y2

N−1)

≤
q(1

r
+ y2

N−1)

r(1
r

+ y2
N−1)

=
q

r

And working inductively we complete the proof.

�
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4.6 Boundedness

We will show that every solution of the difference equation (4.2.1) is bounded. Let

{yn}∞n=−1 be a solution of (4.2.1), then we have for n = 0, 1, 2, ...

0 < yn+1 =
p+ qy2

n−1

1 + yn + ry2
n−1

=
p

1 + yn + ry2
n−1

+
qy2

n−1

1 + yn + ry2
n−1

≤ p

1
+
qy2

n−1

ry2
n−1

= p+
q

r
.

Hence the solution is bounded, since it is bounded from below and from above.

4.7 Period two cycles

In general, we say that the the difference equation has a prime period two solution

if the solution eventually takes the form:

..., φ, ψ, φ, ψ, ...

where φ and ψ are positive, and φ 6= ψ.

Theorem 4.2. Assume that Equation (4.2.1) has a two periodic cycle {φ, ψ}, where

φ and ψ are positive, and φ 6= ψ. Then q must satisfy the following condition:

q >
1 + r(φ2 + ψ2)

φ+ ψ
. (4.7.1)

Proof. Assume {φ, ψ} is prime period two solution of Equation (4.2.1), then φ, ψ

satisfy :

φ =
p+ qφ2

1 + ψ + rφ2
(4.7.2)
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and

ψ =
p+ qψ2

1 + φ+ rψ2
. (4.7.3)

From Equation (4.7.2) we have

φ+ φψ + rφ3 = p+ qφ2, (4.7.4)

and from Equation (4.7.3) we have

ψ + ψφ+ rψ3 = p+ qψ2. (4.7.5)

Subtracting Equation (4.7.5) from (4.7.4), we get:

(φ− ψ) + r(φ3 − ψ3) = q(φ2 − ψ2).

Since φ 6= ψ, the last equation can be divided by (φ− ψ), and we get

1 + r(φ2 + φψ + ψ2) = q(φ+ ψ). (4.7.6)

So

φψ =
−1− r(φ2 + ψ2) + q(φ+ ψ)

r
.

But ψφ ≥ 0, so

−1− r(φ2 + ψ2) + q(φ+ ψ) ≥ 0,

hence

q >
1 + r(φ2 + ψ2)

φ+ ψ
.

Which completes the proof. Note that from (4.7.6) we get also:

φ+ ψ =
r(φ2 + φψ + ψ2) + 1

q
.

Which is always positive. �

To study the stability of the two cycle {φ, ψ} (if it exists), let

zn = yn−1,
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and

vn = yn.

We get the following system

zn+1 = vn

vn+1 =
p+ qz2

n

1 + vn + rz2
n

, n = 0, 1, 2, ...

Let F be a function on (0,∞)× (0,∞) defined by

F

(
z

v

)
=

(
v

p+qz2

1+v+rz2

)
.

Then (
φ

ψ

)
is a fixed point of F 2(z, v), where

F 2

(
z

v

)
=

(
F1(v, z)

F2(v, z)

)
=

(
p+qz2

1+v+rz2

p+qv2

1+(F1(v,z))+rv2

)
. (4.7.7)

Now we find the Jacobian matrix of F 2(z, v), we have

∂F1

∂z
=

(1 + v + rz2)2qz − (p+ qz2)(2rz)

(1 + v + rz2)2
,

∂F1

∂v
=
−(p+ qz2)

(1 + v + rz2)2
,

∂F2

∂z
=

−(p+ qv2)∂F1(z,v)
∂z

(1 + (F1(v, z)) + rv2)2
,

and
∂F2

∂v
=

(1 + (F1(v, z)) + rv2)(2qv)− (p+ qv2)(∂F1(z,v)
∂v

+ 2rv)

(1 + (F1(v, z)) + rv2)2
.

The Jacobian matrix is

JF 2(z, v) =

 (1+v+rz2)2qz−(p+qz2)(2rz)
(1+v+rz2)2

−(p+qz2)
(1+v+rz2)2

−(p+qv2)
∂F1(z,v)

∂z

(1+(F1(v,z))+rv2)2

(1+(F1(v,z))+rv2)(2qv)−(p+qv2)(
∂F1(z,v)

∂v
+2rv)

(1+(F1(v,z))+rv2)2





4. Dynamics of xn+1 =
α+βx2

n−1

A+Bxn+Cx2
n−1

91

JF 2(z, v)|(φ,ψ) =

(
2φ(q−rφ)

(1+ψ+rφ2)
−φ

(1+ψ+rφ2)
−2φψ(p−2rφ)

(1+ψ+rφ2)(1+φ+rψ2)
(2qψ−2rψ2)(1+ψ+rφ2)+φψ

(1+ψ+rφ2)(1+φ+rψ2)

)
So

det(JF 2(φ, ψ)) =
2φψ(q − 2rφ)(q − 2rψ)

(1 + ψ + rφ2)(1 + φ+ rψ2)
,

and

tr(JF 2(φ, ψ)) =
2φ(q − 2rφ)(1 + φ+ rψ2) + (2qψ − 2rψ2)(1 + ψ + rφ2) + φψ

(1 + ψ + rφ2)(1 + φ+ rψ2)
.

A sufficient condition for locally asymptotic stability of {φ, ψ} is

|tr(JF 2)| < 1 + det(JF 2) < 2.

Which is equivalent to

det(JF 2) < 1, (4.7.8)

tr(JF 2) < 1 + det(JF 2), (4.7.9)

−1− det(JF 2) < tr(JF 2). (4.7.10)

(4.7.8) holds when

2φψ(q − 2rφ)(q − 2rψ) < (1 + ψ + rφ2)(1 + φ+ rψ2),

So

2φψ(q − 2rφ)(q − 2rψ)− (1 + ψ + rφ2)(1 + φ+ rψ2) < 0.

And (4.7.9) holds when

2φ(q − 2rφ)(1 + φ+ rψ2) + (2qψ − 2rψ2)(1 + ψ + rφ2) + φψ

(1 + ψ + rφ2)(1 + φ+ rψ2)

< 1 +
2φψ(q − 2rφ)(q − 2rψ)

(1 + ψ + rφ2)(1 + φ+ rψ2)
,

so

2φ(q − 2rφ)(1 + φ+ rψ2) + (2qψ − 2rψ2)(1 + ψ + rφ2) + φψ

< (1 + ψ + rφ2)(1 + φ+ rψ2) + 2φψ(q − 2rφ)(q − 2rψ),
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and hence

2φ(q − 2rφ)(1 + φ+ rψ2) + (2qψ − 2rψ2)(1 + ψ + rφ2) + φψ

−(1 + ψ + rφ2)(1 + φ+ rψ2)− 2φψ(q − 2rφ)(q − 2rψ) < 0.

(4.7.10) holds when

2φ(q − 2rφ)(1 + φ+ rψ2) + (2qψ − 2rψ2)(1 + ψ + rφ2) + φψ

(1 + ψ + rφ2)(1 + φ+ rψ2)

> −1− 2φψ(q − 2rφ)(q − 2rψ)

(1 + ψ + rφ2)(1 + φ+ rψ2)
,

so

2φ(q − 2rφ)(1 + φ+ rψ2) + (2qψ − 2rψ2)(1 + ψ + rφ2) + φψ

> −(1 + ψ + rφ2)(1 + φ+ rψ2)− 2φψ(q − 2rφ)(q − 2rψ),

and hence

2φ(q − 2rφ)(1 + φ+ rψ2) + (2qψ − 2rψ2)(1 + ψ + rφ2) + φψ

+(1 + ψ + rφ2)(1 + φ+ rψ2) + 2φψ(q − 2rφ)(q − 2rψ) > 0.

4.8 Global stability

In this section we investigate a result about the global stability of the positive

equilibrium point of (4.2.1) ȳ.

Theorem 4.3. Assume pr ≤ q ≤
√
r√
2
. Then the positive equilibrium point ȳ on the

interval S = [0, q
r
] is globally asymptotically stable.

Proof: this proof can easily done depending on Theorem (1.7). Assume pr ≤ q, and

consider the function

f(x, y) =
p+ qy2

1 + x+ ry2
.
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Note that S is an invariant interval and all non-negative solutions of Equation

(4.2.1) lie in this interval, and f(x, y) on S is non-increasing function in x, and

non-decreasing in y.

Now we need to show that the difference equation (4.2.1) has no solution of

prime period two in S.

For seek of contradiction assume that the difference equation (4.2.1) has a

solution of prime period two {φ, ψ} ∈ S. Then q must satisfy

q >
1 + r(φ2 + ψ2)

φ+ ψ
,

but since {φ, ψ} ∈ S
1 + r(φ2 + ψ2)

φ+ ψ
≥ 1 + 0

q
r

+ q
r

,

hence

q >
r

2q
,

so

q2 >
r

2
,

which is a contradiction, since q ≤
√
r√
2
.

So Equation (4.2.1) has no solution of prime period two in S. Then both

conditions of Theorem (1.7) hold, then (4.2.1) has a unique positive equilibrium

point ȳ ∈ S, and it is globally asymptotically stable. �

4.9 Matlab codes and numerical discussion 1

In this section we introduce Matlab codes that use our results, and then we insert

some examples.

Matlab code for finding the fixed point and its stability and solution

behavior:
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syms x ;

r= ; % r v a l u e

p= ; % p v a l u e

q= ; % q v a l u e

t = [ r (1−q ) 1 −p ] ;

l= roots ( t )

i f l ( 1 )>0

’The p o s i t i v e f i x e d po int i s ’

y=l (1 )

else i f l ( 2 )>0

’The p o s i t i v e f i x e d po int i s ’

y=l (2 )

else i f l ( 3 )>0

’The p o s i t i v e f i x e d po int i s ’

y=l (3 )

end

end

end

a=(y ) /(1+y+r∗yˆ2)

b= (2∗y∗(q−r∗y ) ) /(1+y+r∗yˆ2)

i f q<((1+3∗ r∗yˆ2) /(2∗y ) ) && q>((−1+r∗yˆ2−y ) /(2∗y ) ) && q

<((1+3∗ r∗yˆ2 +2∗y ) /(2∗y ) )

’The p o s i t i v e f i x e d po int i s a sympto t i c l l y s t a b l e ’

else

’The p o s i t i v e f i x e d po int i s not a sympto t i c l l y s t a b l e ’

end

c=p∗ r

m=((( r ) ˆ ( 0 . 5 ) ) /(2) ˆ ( 0 . 5 ) )

i f q>=c && q<=m

’The p o s i t i v e f i x e d po int i s g l o b a l l y a sympto t i c l l y

s t a b l e ’
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n=70;

x=zeros (n+1 ,1) ;

t=zeros (n+1 ,1) ;

x (1 ) =0.1 ; x (2 ) =1.1 ;

t t (1 ) =0;

for i =2:n

t ( i )=i −1;

x ( i +1)=(p+q∗(x ( i −1) ) ˆ2) /(1+(x ( i ) )+r ∗(x ( i −1) ) ˆ2) ;

end

t (n+1)=n ;

plot ( t , x , t , x , ’ . ’ ) , xlabel ( ’n−i t e r a t i o n ’ ) , ylabel ( ’ x (n) ’ )

axis ( [ 0 70 0 1 0 ] ) , t i t l e ( ’The behavior o f the s o l u t i o n s ’ )

else

’The p o s i t i v e f i x e d po int i s not g l o b a l l y

a sympto t i c l l y s t a b l e ’

n=70;

x=zeros (n+1 ,1) ;

t=zeros (n+1 ,1) ;

x (1 ) =0.1 ; x (2 ) =1.1 ;

t t (1 ) =0;

for i =2:n

t ( i )=i −1;

x ( i +1)=(p+q∗(x ( i −1) ) ˆ2) /(1+(x ( i ) )ˆ2+r ∗(x ( i −1) ) ˆ2) ;

end

t (n+1)=n ;

plot ( t , x , t , x , ’ . ’ ) , xlabel ( ’n−i t e r a t i o n ’ ) , ylabel ( ’ x (n) ’ )

axis ( [ 0 70 0 1 0 ] ) , t i t l e ( ’The behavior o f the s o l u t i o n s ’ )

end

Example 4.1. Consider the difference equation (4.2.1), take p = 0.4, q = 5, r =
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0.5. Equation (4.2.1) becomes

yn+1 =
0.4 + 5y2

n−1

1 + yn + 0.5y2
n−1

, n = 0, 1, 2, ...

With initial conditions y0 = 0.1, y1 = 1.1.

The theoretical positive equilibrium point will be ȳ = 7.7554165829.

Theoretically the positive equilibrium point ȳ is unstable since pr = 0.12 ≤ q

but q >
√
r√
2

= 0.5.

Figure (4.3) shows that the positive equilibrium point is unstable.

Fig. 4.3: The positive equilibrium point is unstable.

And using the Matlab code we get the following output

l =

7.8750 + 0.0000i

0.0625 + 1.0060i

0.0625 - 1.0060i

ans = ’The positive fixed point is’
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y = 7.8750

a = 0.1975

b = 0.4196

ans = ’The positive fixed point is asymptoticly stable’

c = 2

m = 0.5000

ans = ’The positive fixed point is not globally asymptoticly stable’

Example 4.2. Consider the difference equation (4.2.1), take p = 0.5, q = 0.5, r =

0.5. Equation (4.2.1) becomes

yn+1 =
0.5 + 0.5y2

n−1

1 + yn + 0.5y2
n−1

, n = 0, 1, 2, ...

With initial conditions y0 = 0.1, y1 = 1.1.

The theoretical positive equilibrium point will be ȳ = 0.3926467817.

Theoretically the positive equilibrium point ȳ is stable since pr = 0.25 ≤ q and

q ≤
√
r√
2

= 0.5.
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Figure (4.4) shows that the positive equilibrium point is stable.

Fig. 4.4: The positive equilibrium point is stable.

And using the Matlab code we get the following output

l =

-0.6963 + 1.4359i

-0.6963 - 1.4359i

0.3926 + 0.0000i

ans = ’The positive fixed point is’

y = 0.3926

a = 0.2672

b = 0.1623

ans = ’The positive fixed point is asymptoticly stable’

c = 0.2500

m = 0.5000

ans = ’The positive fixed point is globally asymptoticly stable’
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4.10 Bifurcation of yn+1 =
p+qy2n−1

1+yn+ry2n−1

In this section we study the types of bifurcation that occur at q = q∗ as q is the

bifurcation parameter.

In order to convert Equation (4.2.1) to a second dimensional system with three

parameters p, q, and r, let

zn = yn−1,

and

vn = yn.

We get the following system

zn+1 = vn

vn+1 =
p+ qz2

n

1 + vn + rz2
n

, n = 0, 1, 2, ...

This system has the unique fixed point (z̄, v̄)T = (ȳ, ȳ)T . Convert this system in to

second dimensional map

F

(
z

v

)
=

(
f1(z, v)

f2(z, v)

)
=

(
v

p+qz2

1+v+rz2

)
. (4.10.1)

Now we find the Jacobian matrix of F (z, v), we have

∂f1

∂z
= 0,

∂f1

∂v
= 1,

∂f2

∂z
=

2qz(1 + v + rz2)− 2rz(p+ qz2)

(1 + v + rz2)2
,

and
∂f2

∂v
=
−(p+ qz2)

(1 + v + rz2)2
.

The Jacobian matrix is

JF (z, v) =

(
0 1

2qz(1+v+rz2)−2rz(p+qz2)
(1+v+rz2)2

−(p+qz2)
(1+v+rz2)2

)
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JF (z, v)|(ȳ,ȳ) =

(
0 1

2ȳ(q−rȳ)
1+ȳ+rȳ2

−ȳ
1+ȳ+rȳ2

)
So

det(JF (ȳ, ȳ)) = − 2ȳ(q − rȳ)

1 + ȳ + rȳ2
,

and

tr(JF (ȳ, ȳ)) =
−ȳ

1 + ȳ + rȳ2
.

Theorem 4.4. The fixed point (ȳ, ȳ) of the system (4.10.1) undergoes a saddle-node

bifurcation when q = 3rȳ2+2ȳ+1
2ȳ

.

Proof: Saddle-node bifurcation happens when

det(J) = tr(J)− 1.

So the fixed point (ȳ, ȳ) of the system (4.10.1) undergoes a saddle-node bifurcation

if

det(JF (ȳ, ȳ)) = tr(JF (ȳ, ȳ))− 1

or

− 2ȳ(q − rȳ)

1 + ȳ + rȳ2
=

−ȳ
1 + ȳ + rȳ2

− 1

so

−2ȳ(q − rȳ = −ȳ − 1− ȳ − rȳ2

thus

q =
3rȳ2 + 2ȳ + 1

2ȳ
.

So saddle-node bifurcation happens if q = 3rȳ2+2ȳ+1
2ȳ

. �

Theorem 4.5. The fixed point (ȳ, ȳ) of the system (4.10.1) undergoes a period-

doubling bifurcation when q = 3rȳ2+1
2ȳ

.

Proof: Period-doubling bifurcation happens when

det(J) = −tr(J)− 1.
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So the fixed point (ȳ, ȳ) of the system (4.10.1) undergoes a period-doubling bifurca-

tion if

det(JF (ȳ, ȳ)) = −tr(JF (ȳ, ȳ))− 1

or

− 2ȳ(q − rȳ)

1 + ȳ + rȳ2
=

ȳ

1 + ȳ + rȳ2
− 1

so

−2ȳ(q − rȳ) = ȳ − 1− ȳ − rȳ2

thus

q =
3rȳ2 + 1

2ȳ
.

So period-doubling bifurcation happens if q = 3rȳ2+1
2ȳ

. �

Theorem 4.6. The fixed point (ȳ, ȳ) of the system (4.10.1) undergoes Neimark-

Sacker bifurcation when q = rȳ2−ȳ−1
2ȳ

, if r > 1+ȳ
ȳ2 .

Proof: Assume r > 1+ȳ
ȳ2 . Neimark-Sacker bifurcation which happens when

det(J) = 1

and

−2 < tr(J) < 2.

So the system (4.10.1) undergoes Neimark-Sacker bifurcation when

det(JF (ȳ, ȳ)) = 1 (4.10.2)

and

−2 < tr(JF (ȳ, ȳ)) < 2.

The last inequality always holds, since it is equivalent to

−2 <
−ȳ

1 + ȳ + rȳ2
< 2,

which can be split to

−2 <
−ȳ

1 + ȳ + rȳ2
,
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and
−ȳ

1 + ȳ + rȳ2
< 2,

so

−2− 2ȳ − 2rȳ2 < −ȳ,

which implies

−2− ȳ − 2rȳ2 < 0,

Which always holds. And −ȳ
1+ȳ+rȳ2 < 2 implies

2 + 3ȳ + 2rȳ2 > 0.

Which also always holds.

Now Equation (4.10.2) holds if

− 2ȳ(q − rȳ)

1 + ȳ + rȳ2
= 1

so

−2ȳ(q − rȳ) = 1 + ȳ + rȳ2

thus

q =
rȳ2 − ȳ − 1

2ȳ
.

Which is positive since r > 1+ȳ
ȳ2 . So the system (4.10.1) undergoes Neimark-Sacker

bifurcation at (ȳ, ȳ) when q = rȳ2−ȳ−1
2ȳ

.. �

4.11 Direction of The Period-Doubling (Flip) bifurcation

In this section we will find the direction of Flip bifurcation of system (4.10.1) at

q = 3rȳ2+1
2ȳ

.

We need at first to shift the fixed point (ȳ, ȳ) to the origin. Let

wn = zn − ȳ, un = vn − ȳ.
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System (4.10.1) will be

wn+1 = un

un+1 =
p+ q(wn + ȳ)2

1 + (un + ȳ) + r(wn + ȳ)2
, n = 0, 1, 2, ...

Or

Yn+1 = AYn +G(Yn), (4.11.1)

where

A =

(
0 1

2ȳ(q−rȳ)
1+ȳ+rȳ2

−ȳ
1+ȳ+rȳ2

)
, Yn =

(
wn

un

)
,

and

G(Y ) =
1

2
B(Y, Y ) +

1

6
C(Y, Y, Y ) +O(‖Y ‖4)

B(Y, Y ) =

(
B1(Y, Y )

B2(Y, Y )

)
and C(Y, Y, Y ) =

(
C1(Y, Y, Y )

C2(Y, Y, Y )

)
where

Bi(x, y) =
n∑

k,j=1

∂2Yi(η)

∂ηk∂ηj
|η=0(xkyj)

and

Ci(x, y, z) =
n∑

l,k,j=1

∂3Yi(η)

∂ηl∂ηk∂ηj
|η=0(xlykzj).

So B1(ψ, φ) = 0 and C1(ψ, φ, ξ) = 0,

B2(ψ, φ) =
2q(1 + ȳ)− 2r(p+ 2ȳ(2qȳ − 2rȳ2))

(1 + ȳ + rȳ2)2
(ψ1φ1)−

2ȳ(2rȳ + q)

(1 + ȳ + rȳ2)2
(ψ1φ2 + ψ2φ1) +

2ȳ

(1 + ȳ + rȳ2)2
(ψ2φ2),

and

C2(ψ, φ, ξ) =
12rȳ(−3(q(1 + ȳ)− rp) + 4ȳ2(q − rȳ))

(1 + ȳ + rȳ2)3
(ψ1φ1ξ1)+

−2q(1 + ȳ) + 24(q − rȳ)− 6rqȳ2

(1 + ȳ + rȳ2)3
(ψ1φ1ξ2 + ψ1φ2ξ1 + ψ2φ1ξ1)+

4ȳ(q − 3rȳ)

(1 + ȳ + rȳ2)3
(ψ2φ2ξ1 + ψ2φ1ξ2 + ψ1φ2ξ2) +

−6ȳ

(1 + ȳ + rȳ2)3
(ψ2φ2ξ2).



4. Dynamics of xn+1 =
α+βx2

n−1

A+Bxn+Cx2
n−1

105

Now we find the eigenvectors of A and AT corresponding to the eigenvalue

λ = −1 at the bifurcation point q = 3rȳ2+1
2ȳ

.

Let q̂ and p∗ be the eigenvectors of A and AT corresponding to the eigenvalue

λ = −1 respectively. So we have

Aq̂ = −q̂, and ATp∗ = −p∗.

Or

(A+ I)q̂ = 0 (4.11.2)

(AT + I)p∗ = 0. (4.11.3)

Equation (4.11.2) is equivalent to(
1 1

2ȳ(q−rȳ)
1+ȳ+rȳ2 1− ȳ

1+ȳ+rȳ2

)(
q̂1

q̂2

)
=

(
0

0

)
.

Let q̂1 = 1, from the first equation we get

q̂1 + q̂2 = 0

so q̂2 = −1. Thus take q̂ ∼

(
1

−1

)
.

Note that in order to have a nonzero solution for (A + I)q̂ = 0, the matrix

(A+ I) must be singular. Which means that |A+ I| must equal zero, so

−ȳ
1 + ȳ + rȳ2

+ 1− 2ȳ(q − rȳ)

1 + ȳ + rȳ2
= 0.

Thus, q̂ satisfies the second equation 2ȳ(q−rȳ)
1+ȳ+rȳ2 + ȳ

1+ȳ+rȳ2 − 1 = 0.

Now, consider Equation (4.11.3) which is equivalent to(
1 2ȳ(q−rȳ)

1+ȳ+rȳ2

1 1− ȳ
1+ȳ+rȳ2

)(
p∗1

p∗2

)
=

(
0

0

)
.
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Take p∗2 = 1, from the first equation we get

p∗1 +
2ȳ(q − rȳ)

1 + ȳ + rȳ2
p∗2 = 0

so p∗1 = −2ȳ(q−rȳ)
1+ȳ+rȳ2 . Thus take p∗ ∼

(
−2ȳ(q−rȳ)
1+ȳ+rȳ2

1

)
.

Note that in order to have a nonzero solution for (AT + I)p∗ = 0, the matrix

(AT + I) must be singular. Which means that |AT + I| must equal to zero, so

1− ȳ

1 + ȳ + rȳ2
− 2ȳ(q − rȳ)

1 + ȳ + rȳ2
= 0.

Thus, p∗ satisfies the second equation p∗1 + (1 + (1− ȳ
1+ȳ+rȳ2 )p∗2 = 0.

Now, we normalize p∗ and q̂,

〈p∗, q̂〉 =
−2ȳ(q − rȳ)

1 + ȳ + rȳ2
− 1.

Take p̂ = η

(
−2ȳ(q−rȳ)
1+ȳ+rȳ2

1

)
, η = − 1+ȳ+rȳ2

1+(2q+1)ȳ−rȳ2 .

The critical eigenspace T c corresponding to λ = −1 is one-dimensional and

spanned by an eigenvector q̂. Let T su denote a one-dimensional linear eigenspace of

A corresponding to all eigenvalues other than λ. Note that the matrix (A − λIn)

has common invariant spaces with the matrix A, so we conclude that y ∈ T su if and

only if 〈p̂, y〉 = 0.

Any vector x ∈ Rn can be decomposed as

x = uq̂ + y

where uq̂ ∈ T c, y ∈ T su and

u = 〈p̂, x〉.

y = x− 〈p̂, x〉q̂.

In the coordinates (u, y), the map (4.11.1) can be written as

ũ = λu+ 〈p̂, G(uq̂ + y)〉,
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ỹ = Ay +G(uq̂ + y)− 〈p̂, G(uq̂ + y)〉q̂.

Using Taylor expansions, the last two equations can be written as

ũ = λu+
1

2
δu2 + u〈b, y〉+

1

6
σu3 + ...

ỹ = Ay +
1

2
au2 + ...

(4.11.4)

where u = R, y ∈ Rn, δ, σ ∈ R, a, b ∈ Rn and 〈b, y〉 =
∑n

i=1 biyi is the standard

scalar product, and can be expressed as

〈b, y〉 = 〈b, B(q̂, y)〉.

The center manifold of (4.11.4) has the representation

y = V (u) =
1

2
w2u

2 +O(u3),

where w2 ∈ T su ⊂ Rn, so that 〈p̂, w2〉 = 0. The vector w2 satisfies

(A− In)w2 + a = 0.

We have λ = 1 is not an eigenvalue of A, so the matrix (A− In) is invertible in Rn.

Thus, we have

w2 = −(A− In)−1a

and the restriction of (4.11.4) to the center manifold takes the form

ũ = −u+
1

2
δu2 +

1

6
(σ − 3〈q̂, (A− In)−1a〉)u3 +O(u4)

where δ = 〈p̂, B(q̂, q̂)〉, σ = 〈p̂, C(q̂, q̂, q̂)〉 and a = B(q̂, q̂)− 〈p̂, B(q̂, q̂)〉q̂.

Using the identity

(A− In)q̂ =
1

2
q̂,

the restricted map can be written as

ũ = −u+ a(0)u2 + b(0)u3 +O(u4) (4.11.5)

where

a(0) =
1

2
〈p̂, B(q̂, q̂)〉,
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and

b(0) =
1

6
〈p̂, C(q̂, q̂, q̂)〉 − 1

4
(〈p̂, B(q̂, q̂)〉)2 − 1

2
〈p̂, B(q̂, (A− In)−1B(q̂, q̂))〉.

The map (4.11.5) can be transformed to the normal form

ξ̃ = −ξ + c(0)ξ3 +O(ξ4)

where

c(0) = a2(0)− b(0).

Thus,the critical normal form coefficient c(0), allows us to predict the direction of

bifurcation of the period-two cycle. c(0) is given by the following invariant formula:

c(0) =
1

6
〈p̂, C(q̂, q̂, q̂)〉 − 1

2
〈p̂, B(q̂, (A− In)−1B(q̂, q̂))〉.

If c(0) > 0, then a unique and stable period-two cycle bifurcates from the fixed point

at the bifurcation point q = 3rȳ2+1
2ȳ

.

B(q̂, q̂) =

(
0

2ȳ(3q+1+4rȳ)+2q−2r(p+2ȳ(2qȳ−2rȳ2))
(1+ȳ+rȳ2)2

)
.

C(q̂, q̂, q̂) =

(
0

12rȳ(−3(q(1+ȳ)−rp)+4ȳ2(q−rȳ))
(1+ȳ+rȳ2)3 − 3−2q(1+ȳ)+24(q−rȳ)−6rqȳ2

(1+ȳ+rȳ2)3 + 12ȳ(q−3rȳ)
(1+ȳ+rȳ2)3 + 6ȳ

(1+ȳ+rȳ2)3

)
.

〈p̂, C(q̂, q̂, q̂)〉 = −
(

1 + ȳ + rȳ2

1 + (2q + 1)ȳ − rȳ2

)[
12rȳ(−3(q(1 + ȳ)− rp) + 4ȳ2(q − rȳ))

(1 + ȳ + rȳ2)3
−

3
−2q(1 + ȳ) + 24(q − rȳ)− 6rqȳ2

(1 + ȳ + rȳ2)3
+

12ȳ(q − 3rȳ)

(1 + ȳ + rȳ2)3
+

6ȳ

(1 + ȳ + rȳ2)3

]
.

(A− I)−1 =

(
−1 1

2ȳ(q−rȳ)
1+ȳ+rȳ2 −1 + −ȳ

1+ȳ+rȳ2

)−1

=
1 + ȳ + rȳ2

2ȳ + rȳ2

(
−1 + −ȳ

1+ȳ+rȳ2 −1

−2ȳ(q−rȳ)
1+ȳ+rȳ2 −1

)
.
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(A− I)−1B(q̂, q̂) =
1 + ȳ + rȳ2

2ȳ + rȳ2

(
−2ȳ(3q+1+4rȳ)−2q+2r(p+2ȳ(2qȳ−2rȳ2))

(1+ȳ+rȳ2)2

−2ȳ(3q+1+4rȳ)−2q+2r(p+2ȳ(2qȳ+2rȳ2))
(1+ȳ+rȳ2)2

)
.

B(q̂, (A− In)−1B(q̂, q̂)) =
1 + ȳ + rȳ2

2ȳ + rȳ2

(
0

m

)
,

where

m =

(
−2ȳ(3q + 1 + 4rȳ)− 2q + 2r(p+ 2ȳ(2qȳ + 2rȳ2))

(1 + ȳ + rȳ2)2

)
×(

2q(1 + ȳ)− 2r(p+ 2ȳ(2qȳ − 2rȳ2))− 2ȳ

(1 + ȳ + rȳ2)2

)
.

〈p̂, B(q̂, (A− In)−1B(q̂, q̂))〉 =

([
2ȳ(3q + 1 + 4rȳ) + 2q − 2r(p+ 2ȳ(2qȳ + 2rȳ2))

(2ȳ + rȳ2)(1 + (2q + 1)ȳ − rȳ2)

]
[

2q(1 + ȳ)− 2r(p+ 2ȳ(2qȳ − 2rȳ2))− 2ȳ

(1 + ȳ + rȳ2)2

])
.
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4.12 Direction and stability of Neimark-Sacker bifurcation

To determine the direction of the invariant closed curve that bifurcates from the

positive fixed point we will follow the normal form theory of Neimark- Sacker bifur-

cation given in [5].

Theorem 4.7. If q = q∗ = rȳ2−1−ȳ
2ȳ

, and r > 1+ȳ
ȳ2 , then the characteristic equation

of (4.2.1) has two complex conjugate roots that lie on the unit circle. Moreover the

Neimark-Sacker bifurcation conditions are satisfied if

r <

√
30ȳ(1 + ȳ)3 + 26ȳ(1 + ȳ)2 + 18ȳ2(1 + ȳ)2 + 4ȳ3 + 2ȳ4 + 2ȳ2

2ȳ6
.

Proof: At the beginning we will show that the characteristic equation of (4.2.1)

λ2 +
ȳ

1 + ȳ + rȳ2
λ− 2ȳ(q − rȳ)

1 + ȳ + rȳ2
= 0. (4.12.1)

has two complex roots. The roots of (4.12.1) are

λ1,2 =
− ȳ

1+ȳ+rȳ2 ±
√

∆

2
,

where

∆ =
ȳ2

(1 + ȳ + rȳ2)2
+ 4

2ȳ(q − rȳ)

1 + ȳ + rȳ2
.

Substituting q = q∗ we get

∆ =
ȳ2

(1 + ȳ + rȳ2)2
+ 4
−1− ȳ − rȳ2

1 + ȳ + rȳ2
.

So

∆ =
ȳ2

(1 + ȳ + rȳ2)2
− 4.

Thus, (4.12.1) has two complex roots if ∆ < 0, which is equvilent to

ȳ2

(1 + ȳ + rȳ2)2
− 4 < 0,
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which implies

ȳ2 < 4(1 + ȳ + rȳ2)2,

so

4(1 + 2ȳ + ȳ2 + 2(1 + ȳ)rȳ2 + r2ȳ4)− ȳ2 > 0,

thus, ∆(q∗) < 0 if

4 + 8ȳ + 3ȳ2 + 8(1 + ȳ)rȳ2 + 4r2ȳ4 > 0,

which always holds.

Next we show that (4.12.1) has two conjugate complex roots on the unit circle

when q = q∗.

Since λ1,2 are the roots of (4.12.1) we have

λ1λ2 = − 2ȳ(q − rȳ)

1 + ȳ + rȳ2
.

Substituting q = q∗ we get

λ1λ2 = 1.

But λ1λ2 = |λ1,2|2 = 1. Thus, the two complex roots are on the unit circle.

Assume the roots of (4.12.1) at q = q∗ are e±iθ, so we have

eiθ + e−iθ = − ȳ

1 + ȳ + rȳ2
,

but eiθ + e−iθ = 2 cos(θ). Thus,

cos(θ) = − ȳ

2(1 + ȳ + rȳ2)
.

Note that −1
2
< cos(θ) < 0, so there exists θ0 ∈ (π

2
, π) such that

θ0 = cos−1

(
− ȳ

2(1 + ȳ + rȳ2)

)
.

And eikθ0 6= 1 for k = 1, 2, 3, 4.
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Next we will show that d|λ|2
dq
|q=q∗ 6= 0.

|λ|2 = − 2ȳ(q − rȳ)

1 + ȳ + rȳ2
,

differentiate with respect to q we get

d|λ|2

dq
= −

(1 + ȳ + rȳ2)(2ȳ(1− r dȳ
dq

) + (q − rȳ)2dȳ
dq

)− (2ȳ(q − rȳ))(dȳ
dq

+ 2rȳ dȳ
dq

)

(1 + ȳ + rȳ2)2
.

To find dȳ
dq

we differentiate equation (4.2.2) with respect to q

d

dq
(rȳ3 + (1− q)ȳ2 + ȳ − p) = 0,

so

3rȳ2dȳ

dq
+ (1− q)2ȳ dȳ

dq
+ ȳ2(−1) +

dȳ

dq
= 0,

thus,
dȳ

dq
=

ȳ2

3rȳ2 + (1− q)2ȳ + 1
.

Substituting q = q∗ we get
dȳ

dq
=

ȳ2

2rȳ2 + 2ȳ + 2
.

So
d|λ|2

dq
|q=q∗ = − A(r)

(1 + ȳ + rȳ2)2
,

where

A(r) = −10ȳ7r3 + (−18ȳ5(1 + ȳ)− 4ȳ5 + 2ȳ6)r2 + (−14ȳ3(1 + ȳ)2 − 4ȳ3(1 + ȳ)− ȳ5 − 2ȳ4)r

−6ȳ(1 + ȳ)3 − ȳ4 − ȳ3.

Since r > 1+ȳ
ȳ2 we have

A(r) < 2ȳ6r2 − (30ȳ(1 + ȳ)3 + 26ȳ(1 + ȳ)2 + 18ȳ2(1 + ȳ)2 + 4ȳ3 + 2ȳ4 + 2ȳ2).

S0 A(r) < 0 if

r <

√
30ȳ(1 + ȳ)3 + 26ȳ(1 + ȳ)2 + 18ȳ2(1 + ȳ)2 + 4ȳ3 + 2ȳ4 + 2ȳ2

2ȳ6
.

�
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We need at first to shift the fixed point (ȳ, ȳ) to the origin. Let

wn = zn − ȳ, un = vn − ȳ.

System (4.10.1) will be

wn+1 = un

un+1 =
p+ q(wn + ȳ)2

1 + (un + ȳ) + r(wn + ȳ)2
, n = 0, 1, 2, ...

Or

Yn+1 = AYn +G(Yn), (4.12.2)

where

A =

(
0 1

2ȳ(q−rȳ)
1+ȳ+rȳ2

−ȳ
1+ȳ+rȳ2

)
, Yn =

(
wn

un

)
,

and

G(Y ) =
1

2
B(Y, Y ) +

1

6
C(Y, Y, Y ) +O(‖Y ‖4)

B(Y, Y ) =

(
B1(Y, Y )

B2(Y, Y )

)
and C(Y, Y, Y ) =

(
C1(Y, Y, Y )

C2(Y, Y, Y )

)
where

Bi(x, y) =
n∑

k,j=1

∂2Yi(η)

∂ηk∂ηj
|η=0(xkyj)

and

Ci(x, y, z) =
n∑

l,k,j=1

∂3Yi(η)

∂ηl∂ηk∂ηj
|η=0(xlykzj).

So B1(ψ, φ) = 0 and C1(ψ, φ, ξ) = 0,

B2(ψ, φ) =
2q(1 + ȳ)− 2r(p+ 2ȳ(2qȳ − 2rȳ2))

(1 + ȳ + rȳ2)2
(ψ1φ1)−

2ȳ(2rȳ + q)

(1 + ȳ + rȳ2)2
(ψ1φ2 + ψ2φ1) +

2ȳ

(1 + ȳ + rȳ2)2
(ψ2φ2),

and

C2(ψ, φ, ξ) =
12rȳ(−3(q(1 + ȳ)− rp) + 4ȳ2(q − rȳ))

(1 + ȳ + rȳ2)3
(ψ1φ1ξ1)+

−2q(1 + ȳ) + 24(q − rȳ)− 6rqȳ2

(1 + ȳ + rȳ2)3
(ψ1φ1ξ2 + ψ1φ2ξ1 + ψ2φ1ξ1)+

4ȳ(q − 3rȳ)

(1 + ȳ + rȳ2)3
(ψ2φ2ξ1 + ψ2φ1ξ2 + ψ1φ2ξ2) +

−6ȳ

(1 + ȳ + rȳ2)3
(ψ2φ2ξ2).
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Now we find the eigenvectors of A and AT corresponding to the eigenvalue e±iθ0

at the bifurcation point q = rȳ2−ȳ−1
2ȳ

.

Let q̂ and p∗ be the eigenvectors of A and AT corresponding to the eigenvalue

e±iθ0 respectively. So we have

Aq̂ = eiθ0 q̂, and ATp∗ = e−iθ0p∗.

Or

(A− eiθ0I)q̂ = 0 (4.12.3)

(AT − e−iθ0I)p∗ = 0. (4.12.4)

Equation (4.12.3) is equivalent to(
−eiθ0 1

2ȳ(q−rȳ)
1+ȳ+rȳ2 −eiθ0 − ȳ

1+ȳ+rȳ2

)(
q̂1

q̂2

)
=

(
0

0

)
.

Let q̂1 = 1, from the first equation we get

−eiθ0 q̂1 + q̂2 = 0

so q̂2 = eiθ0 . Thus take q̂ ∼

(
1

eiθ0

)
.

Note that in order to have a nonzero solution for (A + I)q̂ = 0, the matrix

(A− eiθ0I) must be singular. Which means that |A− eiθ0I| must equal to zero, so

e2iθ0 + eiθ0
ȳ

1 + ȳ + rȳ2
− 2ȳ(q − rȳ)

1 + ȳ + rȳ2
= 0.

Thus, q̂ satisfies the second equation.

Now, consider Equation (4.12.4) which is equivalent to(
−e−iθ0 2ȳ(q−rȳ)

1+ȳ+rȳ2

1 −e−iθ0 − ȳ
1+ȳ+rȳ2

)(
p∗1

p∗2

)
=

(
0

0

)
.
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Take p∗2 = eiθ0 , from the second equation we get

p∗1 − 1− eiθ0 ȳ

1 + ȳ + rȳ2
= 0

so p∗1 = 1 + eiθ0 ȳ
1+ȳ+rȳ2 . Thus take p∗ ∼

(
1 + eiθ0 ȳ

1+ȳ+rȳ2

eiθ0

)
.

Note that in order to have a nonzero solution for (AT −eiθ0I)p∗ = 0, the matrix

(AT − eiθ0I) must be singular. Which means that |AT − eiθ0I| must equal to zero,

so

e−2iθ0 + e−iθ0
ȳ

1 + ȳ + rȳ2
− 2ȳ(q − rȳ)

1 + ȳ + rȳ2
= 0.

Thus, p∗ satisfies the first equation e−iθ0p∗1 + (−e−iθ0 − ȳ
1+ȳ+rȳ2 )p∗2 = 0.

Now, we normalize p∗ and q̂,

〈p∗, q̂〉 = 2 +
e−iθ0 ȳ

1 + ȳ + rȳ2
.

Take p̂ = η

(
1 + eiθ0 ȳ

1+ȳ+rȳ2

eiθ0

)
, η = 1

2+ e−iθ0 ȳ
1+ȳ+rȳ2

.

The critical real eigenspace T c corresponding to λ1,2 is two-dimensional and

spanned by {Re(q̂), Im(q̂)}. The real space T s corresponding to real eigenvalues of

A is (n− 2)-dimensional. y ∈ T su if and only if 〈p̂, y〉 = 0. Note that y ∈ Rn is real,

while p̂ ∈ Cn.

Any vector x ∈ Rn can be decomposed as

x = zq̂ + z̄ ¯̂q + y

where z ∈ C1, zq̂ + z̄ ¯̂q ∈ T c and y ∈ T s. The complex variable z is a coordinate on

T c. We have

z = 〈p̂, x〉

y = x− 〈p̂, x〉q̂ − 〈 ¯̂p, x〉¯̂q
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In these coordinates,the map (4.12.2) takes the form

z̃ = eiθ0z + 〈p̂, G(zq̂ + z̄ ¯̂q + y)〉

ỹ = Ay +G(zq̂ + z̄ ¯̂q + y)− 〈p̂, G(zq̂ + z̄ ¯̂q + y)〉q̂ − 〈 ¯̂p,G(zq̂ + z̄ ¯̂q + y)〉¯̂q.

The previous system can be written as

z̃ = eiθ0z +
1

2
G20z

2 +G11zz̄ +
1

2
G02z̄

2 +
1

2
G21z

2z̄ + 〈G10, y〉z + 〈G10, y〉z̄

ỹ = Ay +
1

2
H20z

2 +H11zz̄ +
1

2
H02z̄

2 +
1

2
H21z

2z̄,

where G20, G11, G02, G21 ∈ C1 and G01, G10, Hij ∈ Cn and the scaler product is

in Cn.

The complex numbers and vectors can be computed by

G20 = 〈p̂, B(q̂, q̂)〉, G11 = 〈p̂, B(q̂, ¯̂q)〉, G02 = 〈p̂, B(¯̂q, ¯̂q)〉, G21 = 〈p̂, C(q̂, q̂, ¯̂q)〉

and

H20 = B(q̂, q̂)− 〈p̂, B(q̂, q̂)〉q̂ − 〈 ¯̂p,B(q̂, q̂)〉¯̂q,

H11 = B(q̂, ¯̂q)− 〈p̂, B(q̂, ¯̂q)〉q̂ − 〈 ¯̂p,B(q̂, ¯̂q)〉¯̂q,

and

〈G10, y〉 = 〈p̂, B(q̂, y)〉, 〈G01, y〉 = 〈p̂, B(¯̂q, y)〉.

The center manifold in the previous system has the representation

Y = V (z, z̄) =
1

2
v20z

2 + v11zz̄ +
1

2
v02z̄

2

where 〈q̂, vij〉 = 0. The vectors vij ∈ Cn can be found from linear equations

(e2iθ0I − A)v20 = H20,

(I − A)v11 = H11,

(e−2iθ0I − A)v02 = H02.

These equations have unique solutions. The matrix (I − A) is invertible because 1

is not an eigenvalue of A. If

e3iθ0 6= 1
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the matrices (e±2iθ0I−A) are also invertible in Cn because e±2iθ0 are not eigenvalues

of A. Thus, generically the restricted map can be written as

z̃ = eiθ0 z̄ +
1

2
G20z

2 +G11zz̄ +
1

2
G02z̄

2 +
1

2
[G21 + 2〈 ¯̂p,B(q̂, (I − A)−1H11)〉+

〈 ¯̂p,B(¯̂q, (e2iθ0I − A)−1H20)〉]z2z̄ + ...

taking into account the identities

(I − A)−1q̂ =
1

1− eiθ0
q̂, (e2iθ0I − A)−1q̂ =

e−iθ0

eiθ0 − 1
q̂, (I − A)−1 ¯̂q =

1

1− eiθ0
¯̂q,

and

(e2iθ0I − A)−1 ¯̂q =
e−iθ0

eiθ0 − 1
¯̂q.

Also z can be written using the map

z̃ = eiθ0z +
∑
k,l≥2

1

k!j!
gkjz

kz̄j, (4.12.5)

where g20 = 〈p̂, B(q̂, q̂)〉, g11 = 〈p̂, B(q̂, ¯̂q)〉, g02 = 〈p̂, B(¯̂q, ¯̂q)〉, and

g21 = 〈p̂, C(q̂, q̂, ¯̂q)〉+ 2〈p̂, B(q̂, (I − A)−1B(q̂, ¯̂q))〉+

〈p̂, B(¯̂q, (e2iθ0I − A)−1B(q̂, q̂))〉+
e−iθ0(1− 2eiθ0)

1− e−iθ0
〈p̂, B(q̂, q̂)〉〈p̂, B(q̂, ¯̂q)〉

− 2

1− e−iθ0
|〈p̂, B(q̂, ¯̂q)〉|2 − eiθ0

e3iθ0 − 1
|〈p̂, B(¯̂q, ¯̂q)〉|2.

Or equivalently

z̄ = eiθ0z(1 + d(0))|z4|

where a(0) = Re{d(0)}, that determines the direction of bifurcation of a closed

invariant curve, can be computed by formula

a(0) = Re

(
e−iθ0g21

2

)
−Re

(
(1− e2iθ0)e−2iθ0

2(1− eiθ0)
g20g11

)
− 1

2
|g11|2 −

1

4
|g02|2.

Where

g20 = 〈p̂, B(q̂, q̂)〉.

B(q̂, q̂) =

(
0

2q(1+ȳ)−2r(p+2ȳ(2qȳ−2rȳ2))−4ȳ(2rȳ+q)eiθ0+2ȳe2iθ0

(1+ȳ+rȳ2)2

)
.
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〈p̂, B(q̂, q̂)〉 =
1

2 + e−iθ0 ȳ
1+ȳ+rȳ2

eiθ0 [
2q(1 + ȳ)− 2r(p+ 2ȳ(2qȳ − 2rȳ2))− 4ȳ(2rȳ + q)eiθ0 + 2ȳe2iθ0

(1 + ȳ + rȳ2)2
].

So

g20 =
eiθ0(2q(1 + ȳ)− 2r(p+ 2ȳ(2qȳ − 2rȳ2))− 4ȳ(2rȳ + q)eiθ0 + 2ȳe2iθ0)

(2(1 + ȳ + rȳ2) + e−iθ0 ȳ)(1 + ȳ + rȳ2)
.

g11 = 〈p̂, B(q̂, ¯̂q)〉,

B(q̂, ¯̂q) =

(
0

2q(1+ȳ)−2r(p+2ȳ(2qȳ−2rȳ2))+2ȳ−4ȳ(2rȳ+q) cos(θ0)
(1+ȳ+rȳ2)2

)
=

(
0

m

)
.

〈p̂, B(q̂, ¯̂q)〉 =
1

2 + e−iθ0 ȳ
1+ȳ+rȳ2

eiθ0
2q(1 + ȳ)− 2r(p+ 2ȳ(2qȳ − 2rȳ2)) + 2ȳ − 4ȳ(2rȳ + q) cos(θ0)

(1 + ȳ + rȳ2)2
.

So

g11 =
eiθ0 [2q(1 + ȳ)− 2r(p+ 2ȳ(2qȳ − 2rȳ2)) + 2ȳ − 4ȳ(2rȳ + q) cos(θ0)]

(2(1 + ȳ + rȳ2) + e−iθ0 ȳ)(1 + ȳ + rȳ2)
.

g02 = 〈p̂, B(¯̂q, ¯̂q)〉,

B(¯̂q, ¯̂q) =

(
0

2q(1+ȳ)−2r(p+2ȳ(2qȳ−2rȳ2))−4ȳ(2rȳ+q)e−iθ0+2ȳe−2iθ0

(1+ȳ+rȳ2)2

)
,

〈p̂, B(¯̂q, ¯̂q)〉 =
1

2 + e−iθ0 ȳ
1+ȳ+rȳ2

eiθ0
2q(1 + ȳ)− 2r(p+ 2ȳ(2qȳ − 2rȳ2))− 4ȳ(2rȳ + q)e−iθ0 + 2ȳe−2iθ0

(1 + ȳ + rȳ2)2
.

So

g02 =
eiθ0 [2q(1 + ȳ)− 2r(p+ 2ȳ(2qȳ − 2rȳ2))− 4ȳ(2rȳ + q)e−iθ0 + 2ȳe−2iθ0 ]

(2(1 + ȳ + rȳ2) + e−iθ0 ȳ)(1 + ȳ + rȳ2)
.

Now to find g21

g21 = 〈p̂, C(q̂, q̂, ¯̂q)〉+ 2〈p̂, B(q̂, (I − A)−1B(q̂, ¯̂q))〉+

〈p̂, B(¯̂q, (e2iθ0I − A)−1B(q̂, q̂))〉+
e−iθ0(1− 2eiθ0)

1− e−iθ0
〈p̂, B(q̂, q̂)〉〈p̂, B(q̂, ¯̂q)〉

− 2

1− e−iθ0
|〈p̂, B(q̂, ¯̂q)〉|2 − eiθ0

e3iθ0 − 1
|〈p̂, B(¯̂q, ¯̂q)〉|2.
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C(q̂, q̂, ¯̂q) =

(
0

12rȳ(−3(q(1+ȳ)−rp)+4ȳ2(q−rȳ))+(−2q(1+ȳ)+24(q−rȳ)−6rqȳ2)(cos(θ0)+eiθ0 )+4ȳ(q−3rȳ)(2+e2iθ0 )−6ȳeiθ0

(1+ȳ+rȳ2)3

)
.

So

〈p̂, C(q̂, q̂, ¯̂q)〉 =
eiθ0 [12rȳ(−3(q(1 + ȳ)− rp) + 4ȳ2(q − rȳ))]

(2(1 + ȳ + rȳ2) + e−iθ0 ȳ)(1 + ȳ + rȳ2)2
+

eiθ0 [(−2q(1 + ȳ) + 24(q − rȳ)− 6rqȳ2)(cos(θ0) + eiθ0) + 4ȳ(q − 3rȳ)(2 + e2iθ0)− 6ȳeiθ0 ]

(2(1 + ȳ + rȳ2) + e−iθ0 ȳ)(1 + ȳ + rȳ2)2
.

And

(I − A)−1 =

(
1 −1

−2ȳ(q−rȳ)
1+ȳ+rȳ2 1 + ȳ

1+ȳ+rȳ2

)−1

=
1 + ȳ + rȳ2

1 + 2ȳ − 2qȳ + 3rȳ2

(
1 + ȳ

1+ȳ+rȳ2 1
2ȳ(q−rȳ)
1+ȳ+rȳ2 1

)

(I − A)−1B(q̂, ¯̂q) =
1 + ȳ + rȳ2

1 + 2ȳ − 2qȳ + 3rȳ2

(
m

m

)
=

(
s

s

)
,

where

s =
2q(1 + ȳ)− 2r(p+ 2ȳ(2qȳ − 2rȳ2)) + 2ȳ − 4ȳ(2rȳ + q) cos(θ0)

(1 + 2ȳ − 2qȳ + 3rȳ2)(1 + ȳ + rȳ2)
.

B(q̂, (I − A)−1B(q̂, ¯̂q)) =

(
0

M

)
where

M = s
2q(1 + ȳ)− 2r(p+ 2ȳ(2qȳ − 2rȳ2))− 2ȳ(2rȳ + q)(1 + eiθ0) + 2ȳeiθ0

(1 + ȳ + rȳ2)2
.

So

〈p̂, B(q̂, (I − A)−1B(q̂, ¯̂q))〉 =
eiθ0M(1 + ȳ + rȳ2)

2(1 + ȳ + rȳ2) + e−iθ0 ȳ
.
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Finally,

(e2iθ0I − A)−1 =

(
e2iθ0 −1

−2ȳ(q−rȳ)
1+ȳ+rȳ2 e2iθ0 + ȳ

1+ȳ+rȳ2

)−1

=
1 + ȳ + rȳ2

e4iθ0(1 + ȳ + rȳ2) + e2iθ0 ȳ − 2ȳ(q − rȳ)

(
e2iθ0 + ȳ

1+ȳ+rȳ2 1
2ȳ(q−rȳ)
1+ȳ+rȳ2 e2iθ0

)

(e2iθ0I − A)−1B(q̂, q̂) =

1 + ȳ + rȳ2

e4iθ0(1 + ȳ + rȳ2) + e2iθ0 ȳ − 2ȳ(q − rȳ)

(
2q(1+ȳ)−2r(p+2ȳ(2qȳ−2rȳ2))−4ȳ(2rȳ+q)eiθ0+2ȳe2iθ0

(1+ȳ+rȳ2)2

e2iθ0 2q(1+ȳ)−2r(p+2ȳ(2qȳ−2rȳ2))−4ȳ(2rȳ+q)eiθ0+2ȳe2iθ0

(1+ȳ+rȳ2)2

)

=

(
L

e2iθ0L

)
where

L =
2q(1 + ȳ)− 2r(p+ 2ȳ(2qȳ − 2rȳ2))− 4ȳ(2rȳ + q)eiθ0 + 2ȳe2iθ0

(e4iθ0(1 + ȳ + rȳ2) + e2iθ0 ȳ − 2ȳ(q − rȳ))(1 + ȳ + rȳ2)
.

B(¯̂q, (e2iθ0I − A)−1B(q̂, q̂)) = L

(
0

2q(1+ȳ)−2r(p+2ȳ(2qȳ−2rȳ2))−2ȳ(2rȳ+q)(e2iθ0+e−iθ0 )+2ȳe2iθ0

(1+ȳ+rȳ2)2

)
.

So

〈p̂, B(¯̂q, (e2iθ0I − A)−1B(q̂, q̂))〉 =
eiθ0L[2q(1 + ȳ)− 2r(p+ 2ȳ(2qȳ − 2rȳ2))]

(2(1 + ȳ + rȳ2) + e−iθ0 ȳ)(1 + ȳ + rȳ2)
+

eiθ0L[−2ȳ(2rȳ + q)(e2iθ0 + e−iθ0) + 2ȳe2iθ0 ]

(2(1 + ȳ + rȳ2) + e−iθ0 ȳ)(1 + ȳ + rȳ2)
.

a(0) =
1

2
Re
(
e−iθ0〈p̂, C(q̂, q̂, ¯̂q)〉

)
+Re

(
e−iθ0〈p̂, B(q̂, (I − A)−1B(q̂, ¯̂q))〉

)
+

1

2
Re
(
e−iθ0〈p̂, B(¯̂q, (e2iθ0I − A)−1B(q̂, q̂))〉

)
.

Let

B1 = Re
(
e−iθ0〈p̂, C(q̂, q̂, ¯̂q)〉

)
, B2 = Re

(
e−iθ0〈p̂, B(q̂, (I − A)−1B(q̂, ¯̂q))〉

)
,
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and

B3 = Re
(
e−iθ0〈p̂, B(¯̂q, (e2iθ0I − A)−1B(q̂, q̂))〉

)
.

To find B1:

e−iθ0〈p̂, C(q̂, q̂, ¯̂q)〉 =
[12rȳ(−3(q(1 + ȳ)− rp) + 4ȳ2(q − rȳ))]

(2(1 + ȳ + rȳ2) + e−iθ0 ȳ)(1 + ȳ + rȳ2)2
+

eiθ0 [(−2q(1 + ȳ) + 24(q − rȳ)− 6rqȳ2)(cos(θ0) + eiθ0) + 4ȳ(q − 3rȳ)(2 + e2iθ0)− 6ȳeiθ0 ]

(2(1 + ȳ + rȳ2) + e−iθ0 ȳ)(1 + ȳ + rȳ2)2

Multiplying and dividing by the conjugate of the complex part of the denomi-

nator, the denominator becomes,

(4(1 + ȳ + rȳ2)2 + 2(1 + ȳ + rȳ2)ȳ(e−iθ0 + eiθ0) + ȳ2)(1 + ȳ + rȳ2)2,

which equals,

(4(1 + ȳ + rȳ2)2 + 4(1 + ȳ + rȳ2)ȳ cos(θ0) + ȳ2)(1 + ȳ + rȳ2)2 = A1.

Multiplying the numerator by the conjugate of the complex part of the denom-

inator, we get,

2(1 + ȳ + rȳ2)[12rȳ(−3(q(1 + ȳ)− rp) + 4ȳ2(q − rȳ))]+

ȳ[12rȳ(−3(q(1 + ȳ)− rp) + 4ȳ2(q − rȳ))]eiθ0

+2(1 + ȳ + rȳ2)(−2q(1 + ȳ) + 24(q − rȳ)− 6rqȳ2)(cos(θ0))+

ȳeiθ0(−2q(1 + ȳ) + 24(q − rȳ)− 6rqȳ2)(cos(θ0))+

2(1 + ȳ + rȳ2)(−2q(1 + ȳ) + 24(q − rȳ)− 6rqȳ2)(eiθ0)+

e2iθ0 ȳ(−2q(1 + ȳ) + 24(q − rȳ)− 6rqȳ2)+

16(1 + ȳ + rȳ2)ȳ(q − 3rȳ) + 8(1 + ȳ + rȳ2)ȳ(q − 3rȳ)(e2iθ0)+

8ȳ2(q − 3rȳ)(eiθ0) + 4ȳ2(q − 3rȳ)(e3iθ0)− 12ȳ(1 + ȳ + rȳ2)eiθ0

−6ȳ2e2iθ0 .
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Taking the real part of the numerator, we get

2(1 + ȳ + rȳ2)[12rȳ(−3(q(1 + ȳ)− rp) + 4ȳ2(q − rȳ))]+

ȳ[12rȳ(−3(q(1 + ȳ)− rp) + 4ȳ2(q − rȳ))] cos(θ0)

+4(1 + ȳ + rȳ2)(−2q(1 + ȳ) + 24(q − rȳ)− 6rqȳ2)(cos(θ0))+

ȳ(−2q(1 + ȳ) + 24(q − rȳ)− 6rqȳ2)(cos2(θ0))+

ȳ(−2q(1 + ȳ) + 24(q − rȳ)− 6rqȳ2) cos(2θ0)+

16(1 + ȳ + rȳ2)ȳ(q − 3rȳ) + 8(1 + ȳ + rȳ2)ȳ(q − 3rȳ)(cos(2θ0))+

8ȳ2(q − 3rȳ)(cos(θ0)) + 4ȳ2(q − 3rȳ)(cos(3θ0))− 12ȳ(1 + ȳ + rȳ2) cos(θ0)

−6ȳ2 cos(2θ0) = A2.

So B1 = A2

A1
.

To find B2

e−iθ0〈p̂, B(q̂, (I − A)−1B(q̂, ¯̂q))〉 = s
2q(1 + ȳ)− 2r(p+ 2ȳ(2qȳ − 2rȳ2))− 2ȳ(2rȳ + q)(1 + eiθ0)

(2(1 + ȳ + rȳ2) + e−iθ0 ȳ)(1 + ȳ + rȳ2)

+
2ȳeiθ0

(2(1 + ȳ + rȳ2) + e−iθ0 ȳ)(1 + ȳ + rȳ2)

Multiplying and dividing by the conjugate of the complex part of the denomi-

nator, the denominator becomes,

(4(1 + ȳ + rȳ2)2 + 4(1 + ȳ + rȳ2)ȳ cos(θ0) + ȳ2)(1 + ȳ + rȳ2) = A3.

Multiplying the numerator by the conjugate of the complex part of the denom-

inator, we get,

s[2(1 + ȳ + rȳ2)(2q(1 + ȳ)− 2r(p+ 2ȳ(2qȳ − 2rȳ2)))

+ȳ(2q(1 + ȳ)− 2r(p+ 2ȳ(2qȳ − 2rȳ2)))eiθ0 − 4(1 + ȳ + rȳ2)ȳ(2rȳ + q)

−4(1 + ȳ + rȳ2)ȳ(2rȳ + q)(eiθ0)− 2ȳ2(2rȳ + q)eiθ0

−2ȳ2(2rȳ + q)(e2iθ0) + 4ȳ(1 + ȳ + rȳ2)eiθ0 + 2ȳ2e2iθ0 ].
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Taking the real part of the numerator, we get

s[2(1 + ȳ + rȳ2)(2q(1 + ȳ)− 2r(p+ 2ȳ(2qȳ − 2rȳ2)))

+ȳ(2q(1 + ȳ)− 2r(p+ 2ȳ(2qȳ − 2rȳ2))) cos(θ0)− 4(1 + ȳ + rȳ2)ȳ(2rȳ + q)

−4(1 + ȳ + rȳ2)ȳ(2rȳ + q) cos(θ0)− 2ȳ2(2rȳ + q) cos(θ0)

−2ȳ2(2rȳ + q) cos(2θ0) + 4ȳ(1 + ȳ + rȳ2) cos(θ0) + 2ȳ2 cos(2θ0)] = A4.

So B2 = A4

A3
.

To find B3

e−iθ0〈p̂, B(¯̂q, (e2iθ0I − A)−1B(q̂, q̂))〉 =

[2q(1 + ȳ)− 2r(p+ 2ȳ(2qȳ − 2rȳ2))]

(2(1 + ȳ + rȳ2) + e−iθ0 ȳ)(1 + ȳ + rȳ2)
+

[−2ȳ(2rȳ + q)(e2iθ0 + e−iθ0) + 2ȳe2iθ0 ]

(2(1 + ȳ + rȳ2) + e−iθ0 ȳ)(1 + ȳ + rȳ2)

×2q(1 + ȳ)− 2r(p+ 2ȳ(2qȳ − 2rȳ2))− 4ȳ(2rȳ + q)eiθ0 + 2ȳe2iθ0

(e4iθ0(1 + ȳ + rȳ2) + e2iθ0 ȳ − 2ȳ(q − rȳ))(1 + ȳ + rȳ2)
.

Multiplying and dividing by the conjugate of the complex part of the denomi-

nator, the denominator becomes,

(4(1 + ȳ + rȳ2)2 + 4(1 + ȳ + rȳ2)ȳ cos(θ0) + ȳ2)(1 + ȳ + rȳ2)2[(1 + ȳ + rȳ2)2 + ȳ2

+4ȳ2(q − rȳ)2 + 2(1 + ȳ + rȳ2)ȳ cos(2θ0)

−4ȳ(q − rȳ)(1 + ȳ + rȳ2) cos(4θ0)− 4ȳ(q − rȳ) cos(2θ0)] = A5.

Multiplying the numerator by the conjugate of the complex part of the denom-
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inator, we get,

[(a1 + a6 + a12) + (a2 + a7 + a10)eiθ0 + (a3 + a4 + a11)e2iθ0 + a5e
3iθ0 + a8e

4iθ0 + a9e
−iθ0 ]×

(b1e
−4iθ0 + b2e

−2iθ0 + b3 + b4e
−3iθ0 + b5e

−iθ0 + b6e
iθ0)

= (a1 + a6 + a12)b1e
−4iθ0 + (a1 + a6 + a12)b2e

−2iθ0 + (a1 + a6 + a12)b3+

(a1 + a6 + a12)b4e
−3iθ0 + (a1 + a6 + a12)b5e

−iθ0 + (a1 + a6 + a12)b6e
iθ0+

(a2 + a7 + a10)b1e
−3iθ0 + (a2 + a7 + a10)b2e

−iθ0 + (a2 + a7 + a10)b3e
iθ0+

(a2 + a7 + a10)b4e
−2iθ0 + (a2 + a7 + a10)b5 + (a2 + a7 + a10)b6e

2iθ0+

(a3 + a4 + a11)b1e
−2iθ0 + (a3 + a4 + a11)b2 + (a3 + a4 + a11)b3e

2iθ0+

(a3 + a4 + a11)b4e
−iθ0 + (a3 + a4 + a11)b5e

iθ0 + (a3 + a4 + a11)b6e
3iθ0+

a5b1e
−iθ0 + a5b2e

iθ0 + a5b3e
3iθ0 + a5b4 + a5b5e

iθ0 + a5b6e
4iθ0+

a8b1 + a8b2e
2iθ0 + a8b3e

4iθ0 + a8b4e
iθ0 + a8b5e

3iθ0+

a8b6e
5iθ0 + a9b1e

−5iθ0 + a9b2e
−3iθ0 + a9b3e

−iθ0+

a9b4e
−4iθ0 + a9b5e

−2iθ0 + a9b6

Where

a1 = [2q(1 + ȳ)− 2r(p+ 2ȳ(2qȳ − 2rȳ2))]2.

a2 = −4ȳ(2rȳ + q)[2q(1 + ȳ)− 2r(p+ 2ȳ(2qȳ − 2rȳ2))].

a3 = 2[2q(1 + ȳ)− 2r(p+ 2ȳ(2qȳ − 2rȳ2))]ȳ.

a4 = −2ȳ(2rȳ + q)[2q(1 + ȳ)− 2r(p+ 2ȳ(2qȳ − 2rȳ2))].

a5 = a6 = 8ȳ2(2rȳ + q)2, a7 = a8 = −4ȳ2(2rȳ + q).

a9 = −2[2q(1 + ȳ)− 2r(p+ 2ȳ(2qȳ − 2rȳ2))]ȳ(2rȳ + q).

a10 = 2ȳ[2q(1 + ȳ)− 2r(p+ 2ȳ(2qȳ − 2rȳ2))].

a11 = −8ȳ2(2rȳ + q), a12 = 4ȳ2.
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b1 = 2(1 + ȳ + rȳ2)2, b2 = 2(1 + ȳ + rȳ2)ȳ.

b3 = −4(1 + ȳ + rȳ2)ȳ(q − rȳ), b4 = (1 + ȳ + rȳ2)ȳ.

b5 = ȳ2, b6 = −2ȳ2(q − rȳ).

Taking the real part of the numerator, we get

(a8b6 + a9b1) cos(5θ0) + ((a1 + a6 + a12)b1 + a9b4 + a8b3 + a5b6) cos(4θ0)+

((a1 + a6 + a12)b4 + (a2 + a7 + a10)b1 + (a3 + a4 + a11)b6 + a5b3 + a8b5 + a9b2) cos(3θ0)+

((a1 + a6 + a12)b2 + (a2 + a7 + a10)b4 + (a2 + a7 + a10)b6 + (a3 + a4 + a11)b1

+(a3 + a4 + a11)b3 + a8b2 + a9b5) cos(2θ0) + ((a1 + a6 + a12)b5

+(a1 + a6 + a12)b6 + (a2 + a7 + a10)b2 + (a2 + a7 + a10)b3 + (a3 + a4 + a11)b4

+(a3 + a4 + a11)b5 + a5b1 + a5b2 + a5b5 + a8b4 + a9b3) cos(θ0)

+(a1 + a6 + a12)b3 + (a2 + a7 + a10)b5 + (a3 + a4 + a11)b2 + a5b4 + a8b1 + a9b6

= A6.

Where

cos(θ0) = − ȳ

2(1 + ȳ + rȳ2)
.

cos(2θ0) = 2 cos2(θ0)− 1 =
ȳ2

2(1 + ȳ + rȳ2)2
− 1.

cos(3θ0) = 4 cos3(θ0)− 3 cos(θ0) = − ȳ3

2(1 + ȳ + rȳ2)3
+

3ȳ

2(1 + ȳ + rȳ2)
.

cos(4θ0) = 2 cos2(2θ0)− 1 = 2(
ȳ2

2(1 + ȳ + rȳ2)2
− 1)2 − 1.

cos(5θ0) = 2 cos(2θ0) cos(3θ0)− cos(θ0)

= 2(
ȳ2

2(1 + ȳ + rȳ2)2
− 1)(− ȳ3

2(1 + ȳ + rȳ2)3
+

3ȳ

2(1 + ȳ + rȳ2)
) +

ȳ

2(1 + ȳ + rȳ2)
.
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SO B3 = A6

A5
. And

a(0) =
1

2
B1 +B2 +

1

2
B3.

Theorem 4.8. If a(0) < 0 (respectively,> 0), then Neimark-Saker bifurcation of

system (4.12.2) at q = q∗ is supercritical (respectively, subcritical) and there exists

a unique invariant closed curve bifurcates from the positive fixed point ȳ which is

asymptotically stable (respectively, unstable).

4.13 Matlab codes and numerical discussion 2

In this section we introduce Matlab codes that use our results, and then we insert

some examples.

Matlab code for period-doubling bifurcation:

r= ; %r v a l u e

p= ; %p v a l u e

u=0;

a=−r /2

t = [ a 1 0 .5 −p ] ;

l= roots ( t )

for m= 1:3

i f l (m)>0

u=u+1;

’The p o s i t i v e f i x e d po int i s ’

y=l (m)

’The b i f u r c a t i o n value o f the parameter q i s ’

q=(3∗ r∗yˆ2+1) /(2∗y )

A=−1∗( (1+y+r ∗(y ) ˆ2) /(1+(2∗q+1)∗y−r ∗(y ) ˆ2) ) ;

B=12∗ r∗y∗(−3∗(q∗(1+y )−r∗p)+4∗yˆ2∗(q−r∗y ) )−3∗(−2∗q∗(1+y ) +24∗(
q−r∗y )−6∗r∗q∗yˆ2)+ 12∗y∗(q−3∗r∗y ) + 6∗y ;

U=(1+y+r∗yˆ2) ˆ3 ;
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D=A∗(B/U) ;

F=(2∗y∗(3∗q+1+4∗r∗y )+2∗q−2∗r ∗(p+2∗y∗(2∗q∗y+2∗r∗yˆ2) ) )

/((2∗y+r∗yˆ2 ) ∗(1+(2∗q+1)∗y−r∗yˆ2 ) ) ;

L=(2∗q∗(1+y )−2∗r ∗(p+2∗y∗(2∗q∗y−2∗r∗yˆ2 ) )−2∗y ) /((1+y+r∗y
ˆ2) ˆ2 ) ;

J=F∗L ;

c =(1/6)∗D−(0.5 )∗J
i f c>0

’ A unique and s t a b l e per iod−two c y c l e b i f u r c a t e s from

the f i x e d po int at the b i f u r c a t i o n po int . ’

end

end

end

amin=0;

amax=10;

x0 =.2 ; x1 =.3 ;

n=1000;

jmax=200;

t=zeros ( jmax+1 ,1) ;

z=zeros ( jmax+1 ,250) ;

de l =(amax−amin ) /jmax ;

for j =1: jmax+1

x=zeros (n+1 ,1) ;

x (1 )=x0 ; x (2 )=x1 ;

t ( j )=(j−1)∗ de l+amin ;

a=t ( j ) ;

for i =2:n

x ( i +1)=(p+a . ∗ ( x ( i −1) ) ˆ2) /(1+(x ( i ) )+r ∗(x ( i −1) ) ˆ2) ;

i f ( i >750)

z ( j , i −750)=x ( i +1) ;

end
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end

end

plot ( t , z , ’ b lue ’ , ’ MarkerSize ’ , 5 ) , t i t l e ( ’ Period−doubl ing

b i f u r c a t i o n ’ )

i f u==0

’The system does not undergo per iod−doubl ing ( f l i p )

b i f u r c a t i o n . ’

end

Example 4.3. Consider the difference equation (4.2.1). Fix p, r, and consider q

as bifurcation parameter. Take p = 0.5, r = 1.8, and 0 < q ≤ 10. Equation (4.2.1)

becomes

yn+1 =
0.5 + qy2

n−1

1 + yn + 1.8y2
n−1

, n = 0, 1, 2, ... (4.13.1)

Which is equivalent to (
y1(n+ 1)

y2(n+ 1)

)
=

(
y2(n)

0.5+qy1(n)2

1+y2(n)+1.8y1(n)2

)
. (4.13.2)

The positive equilibrium point ȳ of (4.13.1) satisfies

1.8ȳ3 + (1− q)ȳ2 + ȳ − 0.5 = 0. (4.13.3)

Theorem 4.2 shows that the fixed point undergoes a period-doubling bifurcation at

q∗ = 3×1.8ȳ2+1
2ȳ

. So Equation (4.13.3) at q∗ becomes

−0.9ȳ3 + ȳ2 + 0.5ȳ − 0.5 = 0.

Which has two positive roots, so we have two values of q∗.

Thus the first value of q∗ gives the following fixed point of (4.13.1)

ȳ = 0.6495.

Substituting the value of ȳ in q∗ we get

q∗ = 2.5235.
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Now to determine the direction of period-doubling bifurcation we find c(0).

c(0) = 0.9539 > 0

So this shows that a unique and stable period-two cycle bifurcates from the fixed point

at the bifurcation point q∗ = 2.5235.

The second value of q∗ gives the following fixed point of (4.13.1)

ȳ = 1.1840.

Substituting the value of ȳ in q∗ we get

q∗ = 3.6192.

Now to determine the direction of period-doubling bifurcation we find c(0).

c(0) = −0.4132

So this shows that no stable period-two cycle bifurcates from the fixed point at the

bifurcation point q∗ = 3.6192.

Figure (4.5) shows the stable period-two cycle.

Fig. 4.5: Period-doubling bifurcation of yn+1 =
0.5+qy2

n−1

1+yn+1.8y2
n−1

.
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And using the Matlab code we get the following output

a = -0.9000

l =

-0.7224

1.1840

0.6495

ans = ’The positive fixed point is’

y = 1.1840

ans = ’The bifurcation value of the parameter q is ’

q = 3.6192

c = -0.4132

ans = ’The positive fixed point is’

y = 0.6495

ans = ’The bifurcation value of the parameter q is ’

q = 2.5235

c = 0.9539

ans = ’ A unique and stable period-two cycle bifurcates from the fixed point at the

bifurcation point.’
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Matlab code for Neimark-Sacker bifurcation:

r= ;%r v a l u e

p= ; %p v a l u e

e=r /2 ;

t = [ e 1 .5 1 .5 −p ] ;

l= roots ( t )

i =0;

for m=1:3

i f l (m)>0

y=l (m) ;

i f ( r∗yˆ2−y−1)/(2∗y )>0

’The p o s i t i v e f i x e d po int i s ’

y=l (m)

’The b i f u r c a t i o n value o f the parameter q i s ’

q=(r∗yˆ2−y−1)/(2∗y )

i=i +1;

T=((30∗y∗(1+y ) ˆ3+26∗y∗(1+y ) ˆ2+18∗(yˆ2) ∗((1+y ) ˆ2)+4∗y
ˆ3+2∗yˆ4+2∗yˆ2) /(2∗yˆ6) ) ˆ ( 0 . 5 ) ;

i f r<T

’The Neimark−Sacker b i f u r c a t i o n c o n d i t i o n s hold ’

’ cos ( Theta 0 )=’

o=−1∗(y ) /(2∗(1+y+r∗yˆ2) )

Theta 0=acos ( o )

A1=(4∗(1+y+r∗yˆ2) ˆ2+4∗(1+y+r∗yˆ2)∗y∗cos ( Theta 0 )+yˆ2) ∗((1+y+

r∗yˆ2) ˆ2 ) ;

A2=2∗(1+y+r∗yˆ2) ∗(12∗ r∗y∗(−3∗(q∗(1+y )−r∗p )+4∗yˆ2∗(q−r∗y ) ) )+

y∗(12∗ r∗y∗(−3∗(q∗(1+y )−r∗p )+4∗yˆ2∗(q−r∗y ) ) )∗cos ( Theta 0 )

+4∗(1+y+r∗yˆ2)∗(−2∗q∗(1+y ) +24∗(q−r∗y )−6∗r∗q∗yˆ2) ∗( cos (

Theta 0 ) )+y∗(−2∗q∗(1+y ) +24∗(q−r∗y )−6∗r∗q∗yˆ2) ∗( cos (

Theta 0 ) )ˆ2+y∗(−2∗q∗(1+y ) +24∗(q−r∗y )−6∗r∗q∗yˆ2)∗cos (2∗
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Theta 0 )+16∗(1+y+r∗yˆ2)∗y∗(q−3∗r∗y ) +8∗((1+y+r∗yˆ2) )∗y∗(q

−3∗r∗y )∗cos (2∗Theta 0 )+8∗yˆ2∗(q−3∗r∗y )∗cos ( Theta 0 )+4∗y
ˆ2∗(q−3∗r∗y )∗cos (3∗Theta 0 )−12∗y∗(1+y+r∗yˆ2)∗cos ( Theta 0 )

−6∗yˆ2∗cos (2∗Theta 0 ) ;

B1=A2/A1

A3=(4∗(1+y+r∗yˆ2) ˆ2+4∗(1+y+r∗yˆ2)∗y∗cos ( Theta 0 )+yˆ2) ∗((1+y+

r∗yˆ2) ) ;

s =(2∗q∗(1+y )−2∗r ∗(p+2∗y∗(2∗q∗y−2∗r∗yˆ2 ) )+2∗y −4∗y∗(2∗ r∗y+q )

∗cos ( Theta 0 ) ) /((1+2∗y−2∗q∗y + 3∗ r∗yˆ2 ) ∗(1+y+r∗yˆ2) )

;

A4 = s ∗(2∗(1+y+r∗yˆ2) ∗(2∗q∗(1+y )−2∗r ∗(p+2∗y∗(2∗q∗y−2∗r∗yˆ2) )

)+y∗(2∗q∗(1+y )−2∗r ∗(p+2∗y∗(2∗q∗y−2∗r∗yˆ2) ) )∗cos ( Theta 0 )

−4∗(1+y+r∗yˆ2)∗y∗(2∗ r∗y+q )−4∗(1+y+r∗yˆ2)∗y∗(2∗ r∗y+q )∗cos (

Theta 0 )−2∗yˆ2∗(2∗ r∗y+q )∗cos ( Theta 0 )−2∗yˆ2∗(2∗ r∗y+q )∗cos

(2∗Theta 0 )+4∗y∗(1+y+r∗yˆ2)∗cos ( Theta 0 )+2∗yˆ2∗cos (2∗
Theta 0 ) ) ;

B2=A4/A3

A5=(4∗(1+y+r∗yˆ2) ˆ2+4∗(1+y+r∗yˆ2)∗y∗cos ( Theta 0 )+yˆ2) ∗((1+y+

r∗yˆ2) ˆ2 ) ∗((1+y+r∗yˆ2)ˆ2+yˆ2+4∗yˆ2∗(q−r∗y ) ˆ2+2∗(1+y+r∗y
ˆ2)∗y∗cos (2∗Theta 0 )−4∗y∗(q−r∗y )∗(1+y+r∗yˆ2)∗cos (4∗
Theta 0 )−4∗y∗(q−r∗y )∗cos (2∗Theta 0 ) ) ;

a1=(2∗q∗(1+y )−2∗r ∗(p+2∗y∗(2∗q∗y−2∗r∗yˆ2) ) ) ˆ2 ;

a2=−4∗y∗(2∗ r∗y+q ) ∗(2∗q∗(1+y )−2∗r ∗(p+2∗y∗(2∗q∗y−2∗r∗yˆ2) ) ) ;

a3=2∗(2∗q∗(1+y )−2∗r ∗(p+2∗y∗(2∗q∗y−2∗r∗yˆ2) ) )∗y ;

a4=−2∗y∗(2∗ r∗y+q ) ∗(2∗q∗(1+y )−2∗r ∗(p+2∗y∗(2∗q∗y−2∗r∗yˆ2) ) ) ;

a5=8∗(yˆ2) ∗(2∗ r∗y+q ) ˆ2 ;

a6=8∗(yˆ2) ∗(2∗ r∗y+q ) ˆ2 ;

a7=−4∗(yˆ2) ∗(2∗ r∗y+q ) ;

a8=−4∗(yˆ2) ∗(2∗ r∗y+q ) ;

a9=−2∗(2∗q∗(1+y )−2∗r ∗(p+2∗y∗(2∗q∗y−2∗r∗yˆ2) ) )∗y∗(2∗ r∗y+q ) ;

a10=2∗y∗(2∗q∗(1+y )−2∗r ∗(p+2∗y∗(2∗q∗y−2∗r∗yˆ2) ) ) ;
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a11=−8∗(yˆ2) ∗(2∗ r∗y+q ) ;

a12=4∗y ˆ2 ;

b1=2∗(1+y+r∗yˆ2) ˆ2 ;

b2=2∗(1+y+r∗yˆ2)∗y ;

b3=−4∗(1+y+r∗yˆ2)∗y∗(q−r∗y ) ;

b4=(1+y+r∗yˆ2)∗y ;

b5=y ˆ2 ;

b6=−2∗(yˆ2) ∗(q−r∗y ) ;

A6=(a8∗b6 +a9∗b1 )∗cos (5∗Theta 0 ) +((a1 +a6+a12 )∗b1 +a9∗b4+a8∗
b3+a5∗b6 )∗cos (4∗Theta 0 ) +((a1 +a6+a12 )∗b4+(a2+a7+a10 )∗b1

+(a3+a4+a11 )∗b6+a5∗b3+a8∗b5+a9∗b2 )∗cos (3∗Theta 0 ) +((a1 +

a6+a12 )∗b2+(a2+a7+a10 )∗b4+(a2+a7+a10 )∗b6 +(a3+a4+a11 )∗b1

+(a3+a4+a11 )∗b3+a8∗b2+ a9∗b5 )∗cos (2∗Theta 0 ) +((a1 +a6+

a12 )∗b5+(a1 +a6+a12 )∗b6 +(a2+a7+a10 )∗b2+(a2+a7+a10 )∗b3+(

a3+a4+a11 )∗b4 +(a3+a4+a11 )∗b5 +a5∗b1 +a5∗b2 +a5∗b5 +a8∗b4

+a9∗b3 )∗cos ( Theta 0 )+(a1 +a6+a12 )∗b3+(a2+a7+a10 )∗b5+(a3+

a4+a11 )∗b2+a5∗b4+a8∗b1+a9∗b6 ;

B3=(A6) /(A5)

a 0 =0.5∗B1+B2+0.5∗B3

i f a 0<0

’ the Neimark− Sacker b i f u r c a t i o n i s s u p e r c r i t i c a l . ’

else

’ the Neimark− Sacker b i f u r c a t i o n i s s u b c r i t i c a l . ’

end

end

end

end

end

i f i==0

’The system does not undergo Neimark−Sacker b i f u r c a t i o n .

’
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end

’The b i f u r c a t i o n diagram : ’

amin=0;

amax=10;

x0=1;x1=1;

n=1000;

jmax=200;

t=zeros ( jmax+1 ,1) ;

z=zeros ( jmax+1 ,250) ;

de l =(amax−amin ) /jmax ;

for j =1: jmax+1

x=zeros (n+1 ,1) ;

x (1 )=x0 ; x (2 )=x1 ;

t ( j )=(j−1)∗ de l+amin ;

a=t ( j ) ;

for i =2:n

x ( i +1)=(p+a . ∗ ( x ( i −1) ) ˆ2) /(1+(x ( i ) )+r ∗(x ( i −1) ) ˆ2) ;

i f ( i >750)

z ( j , i −750)=x ( i +1) ;

end

end

end

plot ( t , z , ’ b lue ’ , ’ MarkerSize ’ , 6 ) , xlabel ( ’ parameter q ’ ) ,

ylabel ( ’ y (n+1) ’ )

Example 4.4. Consider the difference equation (4.2.1). Fix p, r, and consider q

as bifurcation parameter. Take p = 2, r = 9, and 0 < q ≤ 10. Equation (4.2.1)

becomes

yn+1 =
2 + qy2

n−1

1 + yn + 9y2
n−1

, n = 0, 1, 2, ... (4.13.4)
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Which is equivalent to (
y1(n+ 1)

y2(n+ 1)

)
=

(
y2(n)

2+qy1(n)2

1+y2(n)+9y1(n)2

)
. (4.13.5)

The positive equilibrium point ȳ of (4.13.4) satisfies

9ȳ3 + (1− q)ȳ2 + ȳ − 2 = 0. (4.13.6)

Theorem shows that the fixed point undergoes a Neimark-Sacker bifurcation at q∗ =
9ȳ2−ȳ−1

2ȳ
. So Equation (4.13.6) at q∗ becomes

4.5ȳ3 + 1.5ȳ2 + 1.5ȳ − 2 = 0.

Which has one positive roots.

Thus the value of q∗ gives the following fixed point of (4.13.4)

ȳ = 0.5462.

Substituting the value of ȳ in q∗ we get

q∗ = 1.0424.

Now to determine the direction of period-doubling bifurcation we find a(0).

a(0) = 11.7658 > 0

So this shows that the Neimark- Sacker bifurcation at q∗ = 1.0424 is subcritical.

Figure (4.6) shows that the positive fixed point ȳ is asymptotically stable for

q > q∗ and change it’s stability at Neimark-Sacker bifurcation value q∗. Figures

(4.7) and (4.8) shows phase portraits associated with figure (4.6) at q∗ and q = 1.1,

respectively.
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Fig. 4.6: Neimark-Sacker bifurcation of yn+1 =
2+qy2

n−1

1+yn+9y2
n−1

.

Fig. 4.7: Phase portraits of the map yn+1 =
2+qy2

n−1

1+yn+9y2
n−1

at q∗.
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Fig. 4.8: Phase portraits of the map yn+1 =
2+qy2

n−1

1+yn+9y2
n−1

at q = 1.1.

And using the Matlab code we get the following output

l =

-0.4398 + 0.7876i

-0.4398 - 0.7876i

0.5462 + 0.0000i

ans = ’The positive fixed point is’

y = 0.5462

ans = ’The bifurcation value of the parameter q is ’

q = 1.0424

ans = ’The Neimark-Sacker bifurcation conditions hold ’

ans = ’cos(Theta0) =’

o = -0.0645

Theta0 = 1.6354

B1 = 17.2905

B2 = 1.5522

B3 = 3.1367



4. Dynamics of xn+1 =
α+βx2

n−1

A+Bxn+Cx2
n−1

138

a0 = 11.7658

ans = ’the Neimark- Sacker bifurcation is subcritical.’

ans = ’The bifurcation diagram:’



5. CONCLUSION

In this thesis, we considered the second order, quadratic rational difference equations

xn+1 =
α + βxn−1

A+Bx2
n + Cxn−1

, n = 0, 1, 2, ...

and

xn+1 =
α + βx2

n−1

A+Bxn + Cx2
n−1

, n = 0, 1, 2, ...

With positive parameters α, β, A, B, C, and non-negative initial conditions.

We focused on local stability, invariant intervals, boundedness of the solutions, pe-

riodic solutions of prime period two and global stability of the positive fixed points.

And we studied the types of bifurcation exist where the change of stability occurs.

Then, we give some Matlab codes that use thesis results and numerical discussions

with figures to support our results.

For the first equation, the change of variables

xn =

√
A√
B
yn.

reduced equation (3.0.1) to the difference equation

yn+1 =
p+ qyn−1

1 + y2
n + ryn−1

, n = 0, 1, 2, ...

Where p = α
√
B√
A3

, q = β
A

, and r = C√
AB

.

We proved the existence of the unique positive equilibrium point of our differ-

ence equation, and then we gave a Matlab code to find it.
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Then we found the linearized equation and the characteristic equation. And we

checked when the unique positive equilibrium point ȳ of equation (3.2.1) is locally

asymptotically stable. We investigated also two invariant intervals. And we showed

that any solution takes its values between 0 and p+ q
r
.

Then we set some conditions on q that must hold when two periodic cycle exist.

And we gave a case for global stability. And we introduced Matlab code that uses

our results for finding the fixed point and its stability and solution behavior, and

then we gave some examples.

Finally, we studied the bifurcation of our difference equation. And we concen-

trated at the Period-Doubling (Flip) Bifurcation and its direction.

And for the second equation, the change of variables

xn =
A

B
yn.

reduced equation (4.0.1) to the difference equation

yn+1 =
p+ qy2

n−1

1 + yn + ry2
n−1

, n = 0, 1, 2, ...

Where p = α B
A2 , q = β

B
, and r = CA

B2 .

We proved the existence of the unique positive equilibrium point of our differ-

ence equation, and then we insert a Matlab code to find it.

Then we found the linearized equation and the characteristic equation. And we

checked when the unique positive equilibrium point ȳ of equation (4.0.1) is locally

asymptotically stable. We investigated also two invariant intervals. And we show

that any solution take its values between 0 and p+ q
r
.

Then we set some conditions on q that must hold when two periodic cycle exist.

And we gave a case for global stability. And we introduced Matlab code that uses

our results for finding the fixed point and its stability and solution behavior, and

then we gave some example.
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Finally, we studied the bifurcation of our difference equation. And we concen-

trated at the Period-Doubling (Flip) Bifurcation and the Neimark-Sacker bifurcation

and their directions.



6. APPENDICES

Matlab code for chapter one

Figures 1.2 and 1.3

The Cobweb diagram and the behavior of the solutions near the fixed point of

f(x) = 3x− x2.

r =3; % growth r a t e

x0 =0.2; %i n i t i a l p o p u l a t i o n x0

n=80; %end o f time i n t e r v a l

x=zeros (n+1 ,1) ;

t=zeros (n+1 ,1) ;

x (1 )=x0 ;

t t (1 ) =0;

for i =1:n

t ( i )=i −1;

x ( i +1)=x ( i ) ∗( r−x ( i ) ) ;

end

t (n+1)=n ;

nn=100;

de l =3./nn ;

x s t a r t =0;

yy=zeros (nn+1 ,1) ;

l i n=zeros (nn+1 ,1) ;
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xx=zeros (nn+1 ,1) ;

for i =1:nn+1

xx ( i )=x s t a r t +( i −1)∗ de l ;

l i n ( i )=xx ( i ) ;

yy ( i )=xx ( i ) ∗( r−xx ( i ) ) ;

end

plot ( xx , l i n , xx , yy )

t i t l e ( ’ cobweb diagram f o r f ( x )=x(2−x ) , x0=0.2 ’ ) ,pause

xc=zeros (24 ,1 ) ;

yc=zeros (24 ,1 ) ;

xc (1 )=x0 ;

yc (1 ) =0;

xc (2 )=x0 ;

yc (2 )=x0 ∗( r−x0 ) ;

yc (3 )=yc (2 ) ;

xc (3 )=yc (2 ) ;

plot ( xx , l i n , xx , yy , xc , yc ) , axis ( [ 0 2 0 1 . 5 ] ) ,pause

for j =3:20;

j j =2∗ j −4;

xc ( j j )=xc ( j j −1) ;

yc ( j j )=xc ( j j ) ∗( r−xc ( j j ) ) ;

xc ( j j +1)=yc ( j j ) ;

yc ( j j +1)=yc ( j j ) ;

plot ( xx , l i n , xx , yy , xc , yc ) , axis ( [ 0 2 0 1 . 5 ] ) ,pause

end

plot ( t , x , t , x , ’ . ’ )

xlabel ( ’n−i t e r a t i o n ’ ) , ylabel ( ’ x (n) ’ ) , axis ( [ 0 80 0 1 . 5 ] )

t i t l e ( ’ s t a b i l i t y o f f i x e d po int ’ )
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Matlab code for chapter two

Figure 2.3

Saddle-node bifurcation of the map f(x) = x2 − cx.

f igure (8 ) , hold on

for i =−0.25 :0 .0001 :0 .75

x=−(1−sqrt (1+4∗ i ) ) /2 ;

plot ( i , x , ’− ’ , ’ MarkerSize ’ , 6 )

axis ( [−0.5 1 −2 2 ] )

end

for i =−0 .25 :0 .01 :0 .75

y=−(1+sqrt (1+4∗ i ) ) /2 ;

plot ( i , y , ’−− ’ , ’ MarkerSize ’ , 6 )

t i t l e ( ’ Saddle−node b i f u r c a t i o n o f the map f ( x )=xˆ2−c x ’ )

xlabel ( ’ parameter c ’ ) , ylabel ( ’ x ’ )

end

hold o f f

Figure 2.4

Transcritical bifurcation of the map f(x) = x2 + cx.

f igure (6 ) , hold on

for i =−1:0.03:1

x=1− i ;

plot ( i , x , ’−− ’ , ’ MarkerSize ’ , 6 )

axis ([−2 4 −2.5 2 . 5 ] )

end

for i =−1:0.001:1

y=0;
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plot ( i , y , ’−− ’ , ’ MarkerSize ’ , 6 )

end

for i =1 :0 .001 :3

x=1− i ;

plot ( i , x , ’−− ’ , ’ MarkerSize ’ , 6 )

end

for i =1 :0 .03 :3

y=0;

plot ( i , y , ’−− ’ , ’ MarkerSize ’ , 6 )

t i t l e ( T r a n s c r i t i c a l b i f u r c a t i o n o f the map f ( x )=xˆ2+c x )

xlabel ( ’ parameter c ’ ) , ylabel ( ’ x ’ )

end

hold o f f

Figure 2.5

Pitchfork bifurcation of f(x) = cx− 2x3.

f igure (7 ) , hold on

for i =−1:0.001:1

x=0;

plot ( i , x , ’ MarkerSize ’ , 6 ) , axis ( [−1.2 2 .2 −1 1 ] )

end

for i =1 :0 .001 :2

x=−sqrt ( ( i −1)/2) ;

y=sqrt ( ( i −1)/2) ;

plot ( i , x , ’ b lue ’ , i , y , ’ b lue ’ , ’ MarkerSize ’ , 6 )

end

for i =1 :0 .04 :2

x=0;

plot ( i , x , ’− ’ , ’ MarkerSize ’ , 6 )



6. Appendices 146

xlabel ( ’ parameter c ’ )

ylabel ( ’ x ’ )

t i t l e ( P i t ch fo rk b i f u r c a t i o n o f f ( x )=c x −2xˆ3)

end

hold o f f

Matlab code for chapter three

Figure 3.1

The behavior of the solutions of yn+1 = 4+5yn−1

1+y2
n+0.5yn−1

.

n=70;

x=zeros (n+1 ,1) ;

t=zeros (n+1 ,1) ;

x (1 ) =0.1 ; x (2 ) =1.1 ;

t t (1 ) =0;

for i =2:n

t ( i )=i −1;

x ( i +1)=(4+5∗x ( i −1) ) /(1+(x ( i ) ) ˆ2+0.5∗x ( i −1) ) ;

end

t (n+1)=n ;

plot ( t , x , t , x , ’ . ’ ) , xlabel ( ’n−i t e r a t i o n ’ ) , ylabel ( ’ x (n) ’ )

axis ( [ 0 70 0 1 0 ] ) , t i t l e ( ’ u n s t a b i l e f i x e d po int ’ )

Figure 3.2

The behavior of the solutions of yn+1 = 0.5+0.3yn−1

1+y2
n+0.5yn−1

.

n=70;
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x=zeros (n+1 ,1) ;

t=zeros (n+1 ,1) ;

x (1 ) =0.1 ; x (2 ) =1.1 ;

t t (1 ) =0;

for i =2:n

t ( i )=i −1;

x ( i +1)=(0.5+0.3∗x ( i −1) ) /(1+(x ( i ) ) ˆ2+0.5∗x ( i −1) ) ;

end

t (n+1)=n ;

plot ( t , x , t , x , ’ . ’ ) , xlabel ( ’n−i t e r a t i o n ’ ) , ylabel ( ’ x (n) ’ )

axis ( [ 0 70 0 1 0 ] ) , t i t l e ( ’ u n s t a b i l e f i x e d po int ’ )

Figure 3.3

Period-doubling bifurcation of yn+1 = 1+qyn−1

1+y2
n+0.9yn−1

.

amin=0;

amax=10;

x0 =.2 ; x1 =.3 ;

n=1000;

jmax=200;

t=zeros ( jmax+1 ,1) ;

z=zeros ( jmax+1 ,250) ;

de l =(amax−amin ) /jmax ;

for j =1: jmax+1

x=zeros (n+1 ,1) ;

x (1 )=x0 ; x (2 )=x1 ;

t ( j )=(j−1)∗ de l+amin ;

a=t ( j ) ;

for i =2:n

x ( i +1)=(1+a .∗ x ( i −1) ) /(1+(x ( i ) ) ˆ2+.9.∗x ( i −1) ) ;



6. Appendices 148

i f ( i >750)

z ( j , i −750)=x ( i +1) ;

end

end

end

plot ( t , z , ’ b lue ’ , ’ MarkerSize ’ , 5 ) , t i t l e ( ’ Period−doubl ing

b i f u r c a t i o n ’ )

Matlab code for chapter four

Figure 4.3

The behavior of the solutions of yn+1 =
0.4+5y2

n−1

1+yn+0.5y2
n−1

.

n=70;

x=zeros (n+1 ,1) ;

t=zeros (n+1 ,1) ;

x (1 ) =0.1 ; x (2 ) =1.1 ;

t t (1 ) =0;

for i =2:n

t ( i )=i −1;

x ( i +1)=(0.4+5∗(x ( i −1) ) ˆ2) /(1+(x ( i ) ) +0.5∗(x ( i −1) ) ˆ2) ;

end

t (n+1)=n ;

plot ( t , x , t , x , ’ . ’ ) , xlabel ( ’n−i t e r a t i o n ’ ) , ylabel ( ’ x (n) ’ )

axis ( [ 0 70 0 1 0 ] ) , t i t l e ( ’ u n s t a b i l e f i x e d po int ’ )

Figure 4.4

The behavior of the solutions of yn+1 =
0.5+0.5y2

n−1

1+yn+0.5y2
n−1

.
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n=70;

x=zeros (n+1 ,1) ;

t=zeros (n+1 ,1) ;

x (1 ) =0.1 ; x (2 ) =1.1 ;

t t (1 ) =0;

for i =2:n

t ( i )=i −1;

x ( i +1)=(0.5+0.5∗(x ( i −1) ) ˆ2) /(1+(x ( i ) ) +0.5∗(x ( i −1) ) ˆ2) ;

end

t (n+1)=n ;

plot ( t , x , t , x , ’ . ’ ) , xlabel ( ’n−i t e r a t i o n ’ ) , ylabel ( ’ x (n) ’ )

axis ( [ 0 70 0 1 0 ] ) , t i t l e ( ’ s t a b i l e f i x e d po int ’ )

Figure 4.5

Period-doubling bifurcation of yn+1 =
0.5+qy2

n−1

1+yn+1.8y2
n−1

.

amin=0;

amax=10;

x0 =.2 ; x1 =.3 ;

n=1000;

jmax=200;

t=zeros ( jmax+1 ,1) ;

z=zeros ( jmax+1 ,250) ;

de l =(amax−amin ) /jmax ;

for j =1: jmax+1

x=zeros (n+1 ,1) ;

x (1 )=x0 ; x (2 )=x1 ;

t ( j )=(j−1)∗ de l+amin ;

a=t ( j ) ;

for i =2:n
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x ( i +1)=(0.5+a . ∗ ( x ( i −1) ) ˆ2) /(1+(x ( i ) ) +1.∗(x ( i −1) ) ˆ2) ;

i f ( i >750)

z ( j , i −750)=x ( i +1) ;

end

end

end

plot ( t , z , ’ b lue ’ , ’ MarkerSize ’ , 5 ) , t i t l e ( ’ Period−doubl ing

b i f u r c a t i o n ’ )

Figure 4.6

Neimark-Sacker bifurcation of yn+1 =
2+qy2

n−1

1+yn+9y2
n−1

.

amin=0;

amax=10;

x0=1;x1=1;

n=1000;

jmax=200;

t=zeros ( jmax+1 ,1) ;

z=zeros ( jmax+1 ,250) ;

de l =(amax−amin ) /jmax ;

for j =1: jmax+1

x=zeros (n+1 ,1) ;

x (1 )=x0 ; x (2 )=x1 ;

t ( j )=(j−1)∗ de l+amin ;

a=t ( j ) ;

for i =2:n

x ( i +1)=(2+a . ∗ ( x ( i −1) ) ˆ2) /(1+(x ( i ) ) +9∗(x ( i −1) ) ˆ2) ;

i f ( i >750)

z ( j , i −750)=x ( i +1) ;

end
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end

end

plot ( t , z , ’ b lue ’ , ’ MarkerSize ’ , 6 ) , xlabel ( ’ parameter q ’ ) ,

ylabel ( ’ y (n+1) ’ )

Figure 4.7

Phase portraits of the map yn+1 =
2+qy2

n−1

1+yn+9y2
n−1

at q∗.

N=1000; x (1 ) =1;x (2 ) =1;

for q= 1.0424

for n =2:1 :0 .3∗N
x (n+1)=(2+q . ∗ ( x (n−1) ) ˆ2) /(1+(x (n) ) +9∗(x (n−1) ) ˆ2) ;

x (n−1) ;

end

figure (2 ) , hold on

for n=0.3∗N : 1 :N

x (n+1)=(2+q . ∗ ( x (n−1) ) ˆ2) /(1+(x (n) ) +9∗(x (n−1) ) ˆ2) ;

x (n) ;

plot ( x (n) , x (n−2) , ’ . ’ , ’ MarkerSize ’ , 5 ) , axis ( [ 0 . 4 5 0 .65 0 .45

0 . 6 5 ] )

xlabel ( ’ x (n) ’ ) , ylabel ( ’ x (n−2) ’ )

end

end

hold o f f

Figure 4.8

Phase portraits of the map yn+1 =
2+qy2

n−1

1+yn+9y2
n−1

at q = 1.1.
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N=900; x (1 ) =1;x (2 ) =1;

for q=1.1

for n =2:1 :0 .3∗N
x (n+1)=(2+q . ∗ ( x (n−1) ) ˆ2) /(1+(x (n) ) +9∗(x (n−1) ) ˆ2) ;

x (n−1) ;

end

figure (2 ) , hold on

for n=0.3∗N : 1 :N

x (n+1)=(2+q . ∗ ( x (n−1) ) ˆ2) /(1+(x (n) ) +9∗(x (n−1) ) ˆ2) ;

x (n) ;

plot ( x (n) , x (n−2) , ’ . ’ , ’ MarkerSize ’ , 5 ) , axis ( [ 0 . 5 2 0 .57 0 .52

0 . 5 8 ] )

xlabel ( ’ x (n) ’ ) , ylabel ( ’ x (n−2) ’ )

end

end

hold o f f
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furcation of Second Order Rational Difference Equation with Quadratic Terms,

Journal of Nonlinear Science and Applications, (2015).

[9] M. R. S. Kulenovic, G. Ladas, Dynamics of Second Order Rational Difference

Equations With Open Problems and Conjectures, Chapman. Hall/CRC, Boca

Raton, (2002).

[10] S. Elaydi, Discrete Chaos With Applications In Science And Engineering, 2nd

edition. Chapman Hall/CRC.

[11] S. Elaydi, An introduction to difference equations, 3rd edition. Springer, (2000).

[12] S. Wiggins, Introduction To Applied Nonlinear Dynamical Systems And Chaos,

2nd edition. Springer-Verlag, New York, Berlin Heidelberg, (2003).
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